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CHAPTER 1

INTRODUCTION

1.1 A short historic overview

1.1.1 Topology

Topology could be described as the study of shapes. Although a simplifica-
tion this is still very accurate. The name is derived from the greek ‘τ óπoς’
which roughly translates as location or position. It differentiates itself from
geometry by only considering relative position rather than considering things
such as length and size. Central in topology are concepts and objects that
do not change under continuous transformations. Examples of these contin-
uous transformation are for instance bending, stretching and twisting. Non-
continuous transformations are for example cutting and puncturing. Some
notable figures that helped lay the foundations of topology are Leonhard
Euler, Carl Gauss, Bernard Riemann and Henri Poincaré. They not only
worked on topological concepts but indeed foresaw the impact it would have
on the whole of mathematics. The influence of these mathematicians is felt
to this day. An example of this is the Poincaré conjecture. Though based
on something stated by Poincaré in 1900, it wasn’t until 2006 that it was
proven by Grigori Perelman. This is a very nice illustration of the scope and
magnitude of topology.

Although topology is a very interesting object of study it is sometimes
difficult to use. One often encounters topological spaces that are too hard
to understand completely. This is where algebraic topology comes into play.



CHAPTER 1. INTRODUCTION

At the core of algebraic topology is to highlight certain algebraic properties
of the space rather than looking at the whole topological structure. A very
important example of an algebraic topological tool is the fundamental group
of a topological space. This object determines what kind of closed paths
can be found in the space. This tool is very useful in classifying surfaces. A
sphere has, for instance, a different fundamental group than a torus. Another
important example is what is known as simplicial homology. This tells you
something about the ways in which you can build up the space from basic
building blocks.

1.1.2 Topological tools in dynamical systems

A more physical mathematical field is that of Dynamical Systems. Sim-
ply put, anything that moves according to some set of rules is a dynamical
system. Examples can be found everywhere. These range from well under-
stood, consider for example the movement of planets, mostly understood,
i.e. reactions between certain chemical compounds, and even to not very
well understood, for instance behaviour and movement of fluids. It is im-
portant to realise the major difficulty in this field. Often times it is clear
what the rules are for movement. These are mostly given from a physical
background (which forces are working on an object, etc). After applying
the laws of physics one arrives at a differential equation. These differential
equations are what the mathematician starts working on. Most of the time
people are interested in solutions of differential equations. A solution is a
function that tells you, given some starting state, where you will be after a
time t. Unfortunately in most cases finding a solution is very difficult, if not
impossible. Often times the question Does there exist a solution with pre-
scribed conditions? arises when dealing with complex systems. Fortunately
a lot of tools were developed to help answer this question.

The main focus for this thesis are topological tools in dynamical systems.
These tools aim to answer questions about the dynamics of a certain system
by looking at the structure of the space in which it moves. At first glance
topology and dynamical systems may seem very disjoint but it turns out a
lot can be said about their interplay. We will start with the most important
use of topology in dynamical systems for us: Morse theory. It started with
Marston Morse who in [33] proved a relation between the critical points of a
function on a compact manifold M and pure topological data of M . These
relations are known today as the Morse inequalities. A special case of this
inequality simplifies as an equality:

10



1.1. A SHORT HISTORIC OVERVIEW

Theorem 1.1.1. For a closed manifold of dimension n and a Morse function
f : M → R the following equality holds

n∑
k=0

(−1)kck =

n∑
j=0

(−1)jbj = χ(M). (1.1)

Here ck is the number of critical points of index k of f , and bj = dimHj(M)
is the j-th Betti number.

This equality turned out to be only the tip of the iceberg. One can
construct an algebraic invariant called the Morse homology. The idea is to
look at the negative gradient flow of the function f (a dynamical system that
leaves all critical points stationary). Then we can assign to each critical point
of the function an index k, which roughly means that there are k linearly
independent out going directions when following the gradient flow. Two
examples of manifolds with a gradient flow are given in Figure 1.1. The
function f is given here by looking at the height of the points. In the bulgy
sphere the critical points are a, b, c and d. The indices are, respectively
2,2,1 and 0. For the normal sphere the critical points A and B have index
respectively 2 and 0. We now count for each pair of critical points with index
difference 1 how many different flow lines there exist. Denote the number
of flow lines between a and c with n(a, c). So in the bulgy sphere we have
n(a, c) = n(b, c) = 1 and n(c, d) = 2. In the normal sphere there are no
critical points of index difference 1.

d

f

a

c

b

A

B

Figure 1.1: Bulgy sphere and standard sphere

To construct the Morse homology we create for each index k a vector
space Ck over F2, the field with two elements (sometimes denoted Z/2Z

11



CHAPTER 1. INTRODUCTION

or Z/2). This vector space is generated by the critical points of index k.
For example C2(bulgy sphere) = F2a

⊕
F2b. Furthermore we define a map

∂k : Ck → Ck−1 that is given by the following relation on generators,

∂kx =
∑

y∈Ck−1

n(x, y)y. (1.2)

Then finally we can define the k-th Morse Homology group as follows,

HMk = Ker ∂k/Im ∂k+1. (1.3)

When we compute the Morse Homology groups for our two examples we
get that in the bulgy sphere case, ∂2a = c and ∂2b = c. As such Ker ∂2 =
F2 · (a − b), and ∂1c = 2d = 0. As such Im ∂1 = 0. So HM2

∼= F2.
The full result can be seen in Table 1.1.2. This table shows us that even
though the space and the dynamical system are both different the result
of the Morse Homology groups are isomorphic. This is not a coincidence.
It turns out that, because the two spaces are topologically equivalent (we
can continuously transform the first space into the second one), their Morse
Homology groups are the same. Nowadays these results are well known and
understood, cf. [32]. An important result is that, even though the number
of critical points depends on what gradient flow we consider on a space,
the Morse Homology groups do not depend on the choice of function. This
makes it a true topological invariant that depends only on the topological
structure of the space. In this way information about the critical points
and flow lines of a certain type of dynamical system can be found by only
looking at the topology of the underlying space. It should be noted that not
all information can be found.

Bulgy Sphere Normal Sphere
HM0 F2 F2

HM1 0 0
HM2 F2 F2

Table 1.1: Table of Morse homology groups of Bulgy and standard sphere

Although the Morse homology is a very useful object it is restricted to
the dynamical systems given by gradient flows. Fortunately work has been
done to generalize the type of result to a more general setting by Charles
Conley in [11]. Conley’s theory works with arbitrary flows.

Definition 1.1.2. A flow on a topological space X is a function

φ : R×X → X,

12
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such that

• φ(0, x) = x for all x ∈ X.

• φ(s, φ(t, x)) = φ(s+ t, x) for all x ∈ X and t, s ∈ R

Remark 1.1.3. Sometimes the flow is defined only in forward time. One
can replace R in the above definition with R+ = R≥0 to obtain the definition
of what is called a semi-flow.

A subset S of X is called an invariant set if we have that S = φ(R, S). In
other words as a whole the set does not change under the action of following
the flow (forward or backward in time). For a set N we define its maximal
invariant subset as

Inv(N,φ) := {x ∈ N : φ(R, x) ⊂ N}.

This definition leads to the notion of an isolated invariant set, namely all S
such that there exists a compact neighboorhood N of S for which

S = Inv(N) ⊂ int(N).

Finally we can introduce for isolated invariant sets an exit set L. The exit
set L is defined as those points in ∂N where the flow exits the set N in
forward time. A pair (N,L) is called an index pair. Conley then states the
following theorem.

Theorem 1.1.4. If the maximally invariant set Inv(N) is empty, the pointed
homotopy type (N/L, [L]) is trivial (homotopy type of a point). This means
that non-trivial homotopy type of (N/L, [L]) implies that the maximally in-
variant set is non-empty.

An example of an index pair is given in Figure 1.2. In the left figure, the
shaded pink area is N with as an exit set L the empty set. This gives

(N/L, [L]) ' (S1 t ∗, ∗).

Now the theorem implies the maximally invariant set of N is not empty.
Another example with a non-trivial exit-set can be seen in Figure 1.3. The
homotopy type (N/L, [L]) in this case is contractible. As such it is not pos-
sible to use Theorem 1.1.4 to make statements about the maximal invariant
set.

13



CHAPTER 1. INTRODUCTION

Figure 1.2: Example of an index pair with L = ∅

Figure 1.3: Example of an index pair with L = S1 (the red circle in the
picture)

1.1.3 Going to infinite dimensions

Morse homology is a very nice topological invariant that gives information
about existence of ordinary differential equations on closed manifolds. One
important generalization in dynamical systems is passing from functions of
one variable to functions on multiple variables. In order words considering
not only ordinary but also partial differential equations. One would like
to be able to use Morse theory even for these cases. It is however not
straightforward how this should be done. Some partial differential equation
are ordinary differential equations on a function space. For instance, consider

14
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the heat equation on R{
ut = uxx
u(t, 0) = u(t, 1) = 0.

This can be seen as the following ordinary differential equation on the space
X = {u ∈ H2([0, 1]) : u(0) = u(1) = 0},

u′(t) = Lu(t),

where L = d2

dx2 . Rather than working on a manifold the object of study
is a Banach space. From the perspective of dynamical systems PDEs can
behave in a wide range of ways. Some PDEs admit a flow, for example
the wave equation with the appropriate boundary conditions. Others only
produce a flow in a single direction of time (semi-flow). A wide range of
semi-flow examples can be found from the Hille-Yosida theorem. There are
also systems that do not admit any type of flow. An important example of
equations in this class that are used in this thesis are the Cauchy-Riemann
equations.

Examples of authors that have constructed Morse-like theory for par-
tial differential equations are Andreas Floer [19], Alberto Abbondandolo and
Pietro Majer [2]. In the latter paper the authors consider a PDE that ad-
mits a flow. Still, lifting Morse theory to infinite dimensions brings with it
a plethora of difficulties that need to be overcome. An example is that the
Morse index may not exist or may be infinite(!). Regardless of these issues
the invariants can in very specific cases still be defined. Some very nice
overviews of different theories and methods can also be found in [8] and [36].

1.1.4 Braids

Moving on to something which may seem unrelated, knots and braids are
very common in everyday life. From a mathematical perspective knots are
interesting because knots in the definition discussed in this thesis can really
only occur in three-dimensional space. Mathematicians get very interested
in something if it does not generalize to higher dimensions. Knots and braids
are a perfect example of the connection between algebra and topology. We
can define a braid on n points as follows,

Definition 1.1.5. Fix Q = {Q1, . . . , Qn} ⊂ D2 = {(p, q) ∈ R2 : p2+q2 ≤ 1}.
A braid is a collection x = (x1, . . . , xn) ∈ (C0([0, 1],D2))n such that,

i) xi(t) 6= xj(t) for all i 6= j,

ii) {x1(0), . . . , xn(0)} = {x1(1), . . . , xn(1)} = Q.

15
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1

2

3

4

1

2

3

4

Figure 1.4: A (positive) generator σ1 and its (negative) inverse σ−11

Figure 1.5: Braid with type σ−11 σ4σ
−1
2 σ3σ

−1
2 σ−11 σ4

Emil Artin was the first to figure out a very nice algebraic way to clas-
sify braids up to isotopy (see [7]). Isotopy here means that one can perform
continuous actions (see section 1 of this chapter) to deform the braids into
each other. Artin noticed that a braid can be completely characterised by
a sequence of generators interchanging two strands. An example of these
generators can be seen in Figure 1.4. The braid in Figure 1.5 can be de-
composed as a sequence of generators σ−11 σ4σ

−1
2 σ3σ

−1
2 σ−11 σ4. We call each

of the generators σi positive crossings. The inverses of these are negative
crossings.

Definition 1.1.6. The braid group Bn on n strands is defined as the group
generated by {σi}ni=1 with the following relations

i) σiσj = σjσi for all |i− j|≥ 2,

ii) σiσi+1σi = σi+1σiσi+1.

An important subset of the classic braids are the Legendrian braids. Leg-
endrian braids come in various flavours. The type of Legendrian braid we

16



1.2. STATE OF THE ART

will be working on relates the two coordinated of the disk p and q. Rather
than seeing them as two independent directions we will see p as the derivative
with respect to time of q. This leads to the following definition.

Definition 1.1.7. A Legendrian braid is an element q = (q1, . . . , qn) ∈
(C1([0, 1], [−1, 1]))n together with a permutation σ(q) ∈ Sn such that

i) (qit(t), q
i(t)) 6= (qjt (t), q

j(t)) for all i 6= j and all t ∈ [0, 1],

ii) qit(1) = q
σ(i)
t (0) and qi(1) = qσ(i)(0) for all i = 1, . . . , n.

Remark 1.1.8. We can depict a Legendrian braid as a collection of graphs
that only intersect transversally.

There is a way of embedding Legendrian braids into regular braids,
namely by considering (qt(t), q(t)) ∈ D2 (one can scale the whole braid to
ensure the resulting braid lies in the disk). This automatically implies that
the only crossings possible in this case are positive crossings. Conversely
there is also a way to construct Legendrian braids from braids. The idea
here is to add a full twist at the end of the braid. Using the braid relations
from Definition 1.1.7 one can then find a isotopic braid to the fully twisted
braid that only has positive crossings. The proof of this statement is due to
Garside, it can for instance be found in [9].

Theorem 1.1.9 (Garside Normal Form Theorem). Let β ∈ Bn then there
exists a unique P ∈ Bn such that P contains only positive factors (it is a
product of σi and no σ−1j ) and β = ∆−mP. Here ∆ is the half twist (see
Figure 1.1.4).

The proof is constructive and the algorithm for computing the positive
braid and the integer m can be found in [9].

1.2 State of the art

1.2.1 Braid Floer Homology

In this thesis we combine the idea of Morse homology and braids. Hence
creating braid class invariants that are defined using dynamical systems. One
such invariant was constructed in [50] and is centered around Hamiltonian
dynamics on the disk. For a function H ∈ C∞(R × D2) with the property
that H(t + 1, x) = H(t, x) for all (t, x) ∈ R × D2 we consider the following
equation

dx

dt
(t) = XH(t, x(t)), (1.4)

17



CHAPTER 1. INTRODUCTION

Figure 1.6: The half twist ∆ in B4

where x = (p, q). Here XH denotes the Hamiltonian vector field given by
the equation XH = −∇H. The classical problem related to equations of this
type is: does there exist at least one 1-periodic solution x : R→ D2 of (1.4).
A very famous conjecture by Vladimir Arnold relates the minimal number of
1-periodic solutions to the topology of the underlying manifold. To solve this
conjecture Floer theory was invented. The main question answered in [50]
is If we know there exist an integer periodic solution of (1.4) is there a way
to force new integer periodic solutions of (1.4)?

A Morse theoretic approach is used to give an answer to this question.
A combination of topology of braids is combined with the theory of elliptic
PDEs. Central in this study are braid classes. These are path components
within the space of all n braids (See definition 1.1.5). The braid class con-
taining x will be denoted [x]. Combining two braids x and y into a new
object x ∪ y might produce a new braid with n + m strands. If this is the
case we denote it x rel y. If we can deform the braid x′ into x without mov-
ing or touching y we say x′ ∈ [x] rel y. For a given 1-periodic Hamiltonian
function H we say y = (y1, . . . , ym) is a stationary braid if{

yit(t) = XH(t, yi(t))
yi(1) = yσ(i)(0)

for all i ∈ {1, . . . ,m}. (1.5)

From now on y will denote a fixed solution braid. Denote the space of all
braid solutions with n strands as CritH . We want to show

CritH([x] rel y) := CritH ∩ [x] rel y

is non-empty. An important result from [50] is that CritH([x] rel y) ⊂
[x] rel y is a compact set (with respect to the Cr-topology) for proper braid
classes (see Definition 3.4.1). This makes sense due to smoothness of solu-
tions of (1.5).
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The authors then introduce the Conley-Zehnder index µCZ on solutions
of (1.5). This index allows for a partition of the space CritH([x] rel y) into
disjoint subsets

Crit kH([x] rel y) := {x′ ∈ CritH([x] rel y) : µCZ(x′) = k}.

This plays the role of the critical points of Morse index k used in Morse
theory.

An almost complex structure J for D2 is a linear map J : R2 → R2, with
the property that J2 = −Id. We consider the operator ∂J,H ;

∂J,H(u) = us + J put −XH(t, u)q .

Now denote by M([x] rel y; J,H) the space of braid paths u = (u1, . . . , un)
such that

• ∂J,H(ui) = 0 for all i = 1, . . . , n,

• u(s) ∈ [x] rel y for all s ∈ R.

Theorem 1.2.1. For a generic choice of H and a braid solution y if (1.5),
and for x−,x+ ∈ CritH([x] rel y) the space

M(x−,x+; J,H) := {u ∈M([x] rel y; J,H) : lim
s→±∞

u(s) = x±},

is a smooth manifold of dimension µCZ(x−)− µCZ(x+).

Note that there is a natural group action of R onM([x] rel y), namely by
time translation. Now if x− and x+ have index difference 1 it can be shown
that after quotienting out the R-action we are left with a 0-dimensional
compact manifold. This is just a finite number of points. Call this number
n(x−,x+; J,H). These numbers give rise to a chain complex (Ck, ∂k). The
Z/2-module Ck is a free module generated by the points of Crit kH([x] rel y)
and

∂k(x′; J,H) =
∑

x′′∈Ck−1

n(x′,x′′; J,H)x′′. (1.6)

Notice the similarities between this and (1.2).

Theorem 1.2.2. For a generic choice of H and [x] rel y a relative braid
class fiber, (C?, ∂?) is a chain complex (i.e. ∂2 = 0). Its homology groups are
called the Braid Floer homology groups HF?([x] rel y; J,H). These homology
groups are independent of J,H and the fiber [x] rel y.
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Since the homology groups are independent of the choice of fiber, we can
define the groups HF?([x rel y]). An immediate way to apply the topological
data to make statements about the dynamical system is in the following
theorem.

Theorem 1.2.3. Let y ∈ CritH . Then if HF?([x rel y]) 6= 0 then there
exists a braid solution x′ of (1.4) in [x] rel y.

Though a very nice result it is not very practical. In general Floer homol-
ogy groups are hard to compute. There are also no algorithmic approaches
that could be done with the help of a computer. This thesis aims to change
this fact.

1.2.2 Floer Homology and the heat flow

The ultimate goal of this thesis is to compute the Braid Floer homology
groups of relative braid classes. This involves relating the Floer homology
groups to the topology of the relative braid classes themselves. Some work
has been done in this direction for closed symplectic manifolds. This is not
immediately applicable, however it is a good source of inspiration. Floer
homology is an infinite dimensional version of Morse Homology one might
expect there to be a version of the Morse isomorphism for compact manifolds,
i.e. of the following theorem (the proof of which can be found in for instance
[46]),

Theorem 1.2.4. Let M be a closed Riemannian manifold. Then the Morse
Homology over Z/2-coefficients HM?(M) is isomorphic to the singular ho-
mology H?(M ;Z).

In [43] Dietmar Salamon and Joa Weber made the first steps towards a
version of this theorem for Floer homology of the cotangent bundle of closed
manifolds. They start out by considering the classic Floer homology using
the L2-gradient flow of an action functional AHV : ΛT ∗M → R given by

AHV (x, y) =

∫ 1

0

〈y(t), 9x(t)〉 −HV (t, (x, y))dt.

Here HV (t, (x, y)) = 1
2 |y|

2−V (t, x) with y(t) ∈ T ∗x(t)M . For a generic choice

of V this gives rise to a Floer homology denotedHF a? (T ∗M,HV ;Z). Here a is
an upper bound of the energy of the orbits. Salamon and Weber also consider
another L2-gradient flow on the loop space ΛM given by the gradient of

SV (x) =

∫ 1

0

1

2
| 9x(t)|2−V (t, x)dt.
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Again for a generic choice of V this gives rise to a Morse-Smale-Witten
complex and as such a Morse homology, HMa

? (ΛM,V ;Z). The main result
of [43] is then:

Theorem 1.2.5. Let M be a closed Riemannian manifold, V a Morse-Smale
function. Then we have the following isomorphism for all a ∈ R:

HF a? (T ∗M ;HV ,Z) ∼= HMa
? (ΛM ;V,Z).

After this initial result was shown, Weber proves the following theorem,
in [55]

Theorem 1.2.6. For any a ∈ R and a generic choice V the following iso-
morphism holds for all closed manifolds M :

HMa
? (ΛM,V ;Z) ∼= H?(Λ

aM ;Z).

Here the right hand side is the singular homology of

ΛaM := {x ∈ ΛM : SV (x) ≤ a}.

An immediate consequence of these theorems is that HF a(T ∗M,HV ;Z)
is highly non-trivial in general, since the loop space of a closed manifold is
very rich in topological structure. In fact, it always has unbounded homol-
ogy.

1.2.3 Discrete Braid index

As mentioned before considering dynamical systems on braids produces a
fertile theory. One issue is that Floer homology in general is very hard to
compute without explicitly finding solutions to partial differential equations.
There is however another topological invariant related to braid classes. If we
discretise the braid class we can construct a Conley index that is (eventually)
independent of the discretisation. In this thesis we will consider two different
types of discretisation. The first one is evaluation of the braid strands in
evenly spaces points on [0, 1] (see Definition 1.2.10). Another one is used in
Chapter 4 of this thesis (see Definition 4.4.6) and is based on averaging over
intervals. The idea is that if we piece-wise linearly interpolate the points
we once more end up with a braid, and that if the number of discretisation
points is large enough this piece-wise linear braid is in the same braid class
as the original braid (in both manners of discretisation).

In [24] discrete braids are defined as follows:
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Definition 1.2.7. A sequence xd = (xα)nα=1 ∈
`

Rd+1
˘n

will be called a
discrete configuration if there exists a permutation σ ∈ Sn such that

xαd+1 = x
σ(α)
1 for all α = 1, . . . , n.

We call Xnd the space of all discrete n-configurations with parameter d.

Analogously to the definition of continuous braids we want an extra con-
dition on discrete configurations making them into discrete braids.

Definition 1.2.8. A configuration xd ∈ Xnd is called a discrete braid if for
α 6= α′

xαi = xα
′

i ⇒
´

xαi+1 − xα
′

i+1

¯´

xαi−1 − xα
′

i−1

¯

< 0. (1.7)

The set of all discrete braids will be denoted Dnd . It inherits the geometry of
Rn(d+1).

One can then define an intersection number ι(xd) for all discrete braids
xd ∈ Dnd which counts the number of intersections of the piecewise linear
interpolation of the discrete braid. For instance the braid xd in Figure 1.8
has ι(xd) = 10. The path component of a braid xd in Dnd is denoted {xd}
and has the property that ι is locally constant on these discrete braid classes.
If we consider braids xd and yd such that the union is once more a braid
we denote this union xd rel yd. The next step is to make relative braid class
fibers in the discrete case. If we denote the projection πd2 : Dn+md → Dmd
then

{xd} rel yd := {xd rel yd} ∩ (πd2)−1(yd).

In [24], the authors then continue by defining a Conley type index for
discrete braids. They define the space N to be the closure of {xd} rel yd in
Xnd . And they also define the exit set to be the space

N− := {z ∈ ∂N : ι(z) can be decreased by perturbing z a little bit}.

A more rigorous definition can of course be found in [24].

Definition 1.2.9. The Conley Index of a discrete braid class fiber {xd} rel yd
is defined as the homotopy type of (N/N−, [N−]).

An example of this Conley Index can be found in the right picture of
Figure 1.8. The first and the third 4-tuple of points are the same due to
periodicity, the black points may not be moved. We can move the red points
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Figure 1.7: Making a discrete braid out of a Legendrian one

q0
q1

(q0, q1)

q1

q0

Figure 1.8: Simple example of a braid and its isolating block (exit set in red)
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up and down, however moving them past the black points means they escape
the braid class. The point q0 will create more intersection as it escapes the
braid class and q1 will decrease the number of intersections. As such the
exit set N− is the red part of the boundary on the right picture. This gives
the homotopy type of a circle. There is an important connection between
discrete and Legendrian braids.

Definition 1.2.10. Let q be a Legendrian braid (see Definition 1.1.7). Then

qd := (qα(i/d))α=1,...,n
i=0,...,d

is a discrete braid in Dnd for d sufficiently large.

Let pl(qd) denote the piece-wise linear interpolation of a discrete braid
qd. Due to the discrete braid property this piece-wise linear interpolation is
a braid. In fact the following proposition holds:

Proposition 1.2.11. For all large enough d and a Legendrian braid q, let
qd be the discrete braid defined as in Definition 1.2.10 then pl(qd) ∈ [q].

Another important relation between the discretisation and the original
braid is shown in the following theorem:

Theorem 1.2.12 (Thm. 19 and Prop. 27 in [23]). Let [q] rel Q a proper
relative Legendrian braid class fiber (see Definition 2.2.5) and let {qd} rel Qd

be its d-discretization. Furthermore let hd := (Nd/N
−
d , [N

−
d ]) be the discrete

braid Conley Index of {qd} rel Qd. Then there exists a d0 ≥ 0 such that for
all d ≥ d0 we have:

hd ' hd0 .

Or, in other words, the homotopy type of the Conley index stabilizes.

The authors of [24] also define a dynamical system for discrete braids.
These are given by Parabolic Recurrence relations

Definition 1.2.13. A collection of d C1-maps Ri : R3 → R, is called a
parabolic recurrence relation if

• ∂1R(x, y, z) ≥ 0.

• ∂3R(x, y, z) > 0.

A parabolic recurrence relation defines a dynamical system on the closure
Dnd by,

dxαi
dt

= R(xαi−1, x
α
i , x

α
i+1) for all i, α. (1.8)
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The solutions to parabolic recurrence relations have the property that ι acts
as a discrete Lyapunov function for them. In other words there exists a
monotonicity principle:

Proposition 1.2.14. Let (uαi ) be a discrete braid solution to a parabolic
recurrence relation given by Ri. If for some t0 ∈ R we have u(t0) ∈ Dnd −Dnd
then either there exists an arbitrarily small ε > 0 such that

u(t0 ± ε) ∈ Dnd .

Or one of the strands uα collapses completely onto another strand uα
′
. If

we are in the first case we have furthermore that

ι(u(t0 − ε)) > ι(u(t0 + ε)).

This proposition tells us exactly that the sets N and N− defined be-
fore play the role of isolating neighbourhood and exit set. This could then
produce information about existence of stationary solutions of (1.8) using
Theorem 1.1.4. The nice thing about this Conley Index is that it is pos-
sible to compute its homology. The space N will be a cube complex and
N− will be faces of the cubes. An algorithmic approach to computing these
invariants can be found in [49].

1.3 Subject of the thesis

The ultimate goal of this thesis is to link the different braid invariants we
have seen so far. The hope is that if we start with a proper relative braid
class [x rel y] and a discrete braid class {xd rel yd} that approximates it for
a large enough d there is an isomorphism between the invariants,

HF?([x rel y]) ∼= ‹ ∼= H?(h({xd rel yd})). (1.9)

In order to show this we need to make an intermediate step. We want to
construct a Braid Morse Homology that will fill the gap of the star in the
line above.

1.3.1 Braid Morse Homology

The definition of this new invariant for Legendrian braids relies heavily on
the methods used already in [50]. Consider Hamilton’s equations for the
Hamiltonian given by

H(t, p, q) =
1

2
p2 − 1

2
q2 + V (t, q). (1.10)
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Here V has compact support. Writing out these equations, using the stan-
dard almost complex structure, we get the following equations:{

pt(t) = q(t)− Vq(t, q(t)),
qt(t) = p(t).

(1.11)

Note that for (p, q) a solution of (1.10), q is also a solution of

qtt(t)− q(t) + Vq(t, q(t)) = 0. (1.12)

An important result shown in this thesis is that we can make solutions of
(1.12) generically non-degenerate (Theorem 2.5.3). The definition of non-
degenericity can be found in Chapter 2.5 and is crucial in the definition of
the Braid Morse homology. Now following the same basic outline of [50]
we construct a Legendrian Braid invariant which we call the Braid Morse
Homology HM?([q] rel Q;V ).

The key difference lies in proving generic transversality of the solutions.
In the Braid Floer homology case the perturbations considered were of H
and the almost complex structure J . In the Morse homology case we only
perturb V . A large part of the transversality is automatic, a result proved
in [29] by Romain Joly and Geneviève Raugel. However, the automatic
transversality cannot exclude connecting orbits between two stationary so-
lution of identical even Morse index. We fix this by allowing a slightly larger
class of perturbations than just in the potential function. We expand the
class of functions to perturb slightly outside of the class of gradient flows.
We consider equations

us − utt + v − Vq(t, u) + g(t, u, ut) = 0. (1.13)

Here we choose ‖g‖C∞ small enough so that all stationary solutions persist,
and we are still in the situation of almost-gradient systems (this is shown by
us in Section 2.4.3).

One of the reasons why this theory works for braid classes is discussed
in Proposition 2.3.8. The idea here is that the braid class fibers, if they
come from a proper braid class, are isolating neighbourhoods for solutions
of (1.13). The proof of the isolation property uses the study of zeroes of
solutions of parabolic equations, found in for instance [5].

Finally we obtain the following theorem (formulated slightly differently
in Chapter 2):

Theorem 1.3.1 (Thm. 2.6.12). Let [q] rel Q be a proper relative braid class
fiber. Let V be a compactly supported function making all braid solutions
of (1.12) non-degenerate. Then there exists g ∈ C∞c (R/Z × R2) such that
bounded solutions of (1.13) are either (stationary) solutions of (1.12), or
non-degenerate connecting orbits between two such solutions.
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From there the definition of HM? is done analogously to [50]. We choose
(V, g), a pair that makes the system Morse-Smale. Chain groups C?([q] rel Q)
are then defined as the free modules over Z/2Z generated by the (stationary)
solutions of (1.12). A grading based on the Morse index is included in
this definition. The boundary map is defined, analogously to (1.6) as the
number of connecting orbits between stationary solutions. Then finally HM?

is defined as the homology groups of this chain complex. It turns out to be
only dependend on the braid class [q rel Q], this is shown in Section 2.8.
HM? will then play the role of ‹ in (1.9). The rigorous definition of this
invariant is the goal of the second chapter of this thesis.

1.3.2 Linking Braid Morse and Braid Floer Homology

The third chapter of this thesis deals with the connection between the Floer
homology and the Morse homology. The first step is to explore the rela-
tion between Legendrian braids and regular braids. One way of course is
clear as we can embed the Legendrian braid diagrams into the bigger class
of braid diagrams by considering the strands and their derivative simultane-
ously. This means we consider (qit(t), q

i(t)) as the strands of the braid. The
transverse intersection property make sure we end up with a braid. It is less
obvious how to make a Legendrian braid out of a braid. Important here is
that in Legendrian braids it is not allowed to have negative crossings in the
diagrams. This is fixed by adding a full twist to the braid. From Garsides
Theorem (Theorem 1.1.9) it follows that we can always find a positive braid
representative that, after multiplication with an appropriate amount of full
twists, is in the same braid class as the original braid. The effect of the full
twist is studied in [50]. It turns out to have a shifting effect on the level
of Floer homology (see also (1.21)). Then we are in the situation where we
can compare the invariants. As seen in the introduction to the Braid Morse
homology, choosing the right Hamiltonian gives us immediately a one-to-one
relation of stationary solutions. The idea is now to show there is a direct
one-to-one relation between the connecting orbits in both cases. Since the
Braid Floer homology is also independent of J we may choose whatever
almost-complex structure we want. Inspired by [43] we choose

Jκ :=

ˆ

0 −κ−1
κ 0

˙

.

Then together with the choice (1.10) we get for the non-linear CR equations,{
ps = κ−1(qt − p)
qs = κ ppt − q + Vq(t, q)q .

(1.14)
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After substitution s = κs̃ this becomes{
κ2ps̃ = qt − p
qs̃ = pt − q + Vq(t, q).

(1.15)

Note that in the adiabatic limit κ→ 0, we obtain the system{
0 = qt − p
qs̃ = pt − q + Vq(t, q).

(1.16)

After simplifying this then becomes

qs̃ = qtt − q + Vq(t, q). (1.17)

Note furthermore that stationary solutions of (1.17) coincide with stationary
solutions of (1.15). The next step is to show that there is a similar statement
for connecting orbits. The way to prove that is to start with a connecting
orbit v0 of (1.17) and introducing a map Fκ with domain H1(R × S1;R2)
with the property that zeros of Fκv are exactly the perturbations we add to
(vt, v) to create a solution of (1.15). The problem is hence reduced to finding
a zero of a map. We apply a Newton-type theorem to find these zeros for
κ > 0 small enough. We will then show that for braid solutions and κ > 0
small enough we get a one-to-one relation between connecting orbits. This
immediately implies that the chain maps ∂k are identical, and as such the
homology groups. The main difficulty lies in showing that a certain linearized
map around the approximate solution is surjective for small κ, and that a
right inverse can be constructed that is uniformly bounded in κ. This then
enables the Newton-method and allows us to find a zero, and as such a
solution of (1.15). The main theorem discussed in Chapter 3 is:

Theorem 1.3.2 (Thm. 3.1.1). Let [q rel Q] be a proper relative Legendrian
braid class. Then there exists an isomorphism,

HM?([q rel Q]) ∼= HF?([(qt,q) rel (Qt,Q)]). (1.18)

1.3.3 Discretizing

The final chapter of this thesis is to show that for an appropriately fine
discretization the discrete braid index will be isomorphic to the Braid Morse
homology of a given Legendrian braid class. The idea is very similar to the
previous subsection where we showed a similar relation between the Floer
homology and Morse homology. We want to show that there exists a one-
to-one relation of bounded solutions of (1.13) and bounded solutions of the
parabolic flow given by the following equation,

x′i(s) = Ri(xi−1(s), xi(s), xi+1(s)). (1.19)
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Here Ri is a recurrence relation given by

Ri(xi−1, xi, xi+1) = d2 pxi+1 − 2xi + xi−1q− xi + Vq(i/d, xi). (1.20)

The approach differs from the isomorphism in Theorem (1.3.2) in that sta-
tionary solutions of (1.13) do not coincide with stationary solutions of Ri =
0. In fact these do not even live in the same space. As such an extra step is
required to show that for discretisation parameter d large enough there is a
one-to-one correspondence of stationary solutions. Once that is done we can
proceed by showing a one-to-one relation of appropriate connecting orbits.
Recall from the previous section that we needed to add a perturbation g to
ensure transversality of connecting orbits. We must take this into account
and add the perturbation g to equation (1.19). Similar to proving Theorem
1.3.1, the key here is that if we are in a non-degenerate case for (1.13) then
the discrete system that approximates it will also be non-degenerate. After
showing this it becomes possible to construct a Newton method in order to
find discrete solution of the flow defined by Ri. Once we have defined this
one to one relation it becomes clear that we are essentially calculating a
version of local Morse homology. By standard results this is isomorphic to
the homological Conley index. Adding this isomorphism to the isomorphism
we already had between the finite Morse homology and the Braid Morse
homology we obtain the following result.

Theorem 1.3.3 (Thm. 4.7.11). Let [q rel Q] be a proper relative braid class.
Then for all d larger than the total number of intersection in the braid dia-
gram, there exists a discrete braids Qd and qd such that

HM?([q rel Q]) ∼= H?(h({qd rel Qd})).

The last ingredient to this theory is the fact that the right hand side
of the isomorphism from Theorem 1.3.3 is eventually independent of d. In
other words, we need only compute it for a given d to be able to compute the
left hand side. It turns out that an appropriately large bound is the total
number of intersections in the discrete braid diagram. This makes has to do
with the fact that all the topological complexity is given by the intersections.
If d is indeed larger than the total number of intersections all the topology
is captured in the invariant.

1.4 Conclusions and future work

The work described in this thesis done in the last four years can be summa-
rized as a long chain of isomorphic braid invariants. If we start with x ∈ Bn
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and y ∈ Bm such that [x rel y] is a proper braid class, we can define the
Braid Floer homology HF?([x rel y]). In Section 3.4.1 it is shown that if
we consider the braid class [x rel y] as an unbounded braid class, and de-
fine what is called the Hyperbolic Braid Floer homology (defined in Chapter
3.4.1) HHF?([x rel y]R2 then Theorem 3.4.9 tells us

HF?([x rel y]) ∼= HHF?([x rel y]R2).

We now want to make sure [x rel y] has only positive crossings. To do this we
add a number of full twist ∆2 to the braid, it then turns out that the braid
class contains a representative with only positive crossings (see Theorem
1.1.9). Furthermore a full twist has the following effect on the level of the
Floer Homology:

HF?([x rel y ·∆2]) ∼= HF?−2n([x rel y]), (1.21)

where n is the number of strands of x. Let us give the braid with only positive
crossings the name x′ rel y′ := x rel y · ∆2N . This is now a positive braid
and as such has a Legendrian representative q rel Q such that x′ = (qt,q)
and y′ = (Qt,Q). In Chapter 2 an invariant for Legendrian braid classes
is defined. It is called Braid Morse homology (denoted HM?([q rel Q])).
Chapter 3 is dedicated to comparing HM? and HF? for these braid classes.
Theorem 3.1.1 tells us how they are related, namely:

HM?([q rel Q]) ∼= HF?([x
′ rel y′]) p∼= HF?+2nN ([x rel y])q .

What this means is that we can extract information about the existence of
braid solutions of Hamilton’s equations on the disk by looking at Legendrian
braids. Furthermore since we have an isomorphism the Morse homology
gives the exact same information as the Floer homology. Then in Chapter
4 the focus shifts to discrete braids. The braid diagrams are discretized
by cutting up [0, 1] into d, equal sized, subintervals. A braid diagram is
then made into a discrete braid diagram by averaging the strands over the
subintervals. When discretizing a proper Legendrian braid class [q] rel Q
we would obtain a proper discrete braid class {qd} rel Qd. Here Qd is a
solution of the parabolic recurrence relation (4.22). Then one can consider
the homological Conley Index H?(h({qd} rel Qd)) defined in Definition 4.3.6.
Theorem 4.7.11 then tells us for any d larger than the number of intersections
in q rel Q,

HM?([q] rel Q]) ∼= H?(h({qd} rel Qd)).

The right hand side is in principle easy to calculate, as it is an d-dimensional
hypercube complex with certain faces identified. If we put everything to-
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gether we obtain finally,

HF?+2nN ([x rel y]) ∼= H?(h({qd rel Qd})).

In other words, we have provided a way to compute the Braid Floer homol-
ogy. In some cases (namely single strand free braid classes) algorithms have
been written that can compute the braid invariants (see [49]). This con-
cludes the main results of this thesis. For future research one could consider
expanding the theory of braids to other surfaces. Some theory of braids can
indeed be done on general two-dimensional manifolds. Extending beyond
that becomes trickier. It is possible to define a higher dimensional equiva-
lent of a knot by considering embeddings of one sphere into a sphere with
dimension two higher. How the intricacies of braids in three dimensions
translate to these cases is unknown to the author of this thesis.
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CHAPTER 2

BRAID MORSE HOMOLOGY

2.1 Introduction

Dynamical systems and topology share a rich history in which they influence
one another. Many classical works, for instance [11], [32] and [33], contain
the theory that links existence of solutions of differential equations to the
topology of the spaces on which the equations are defined. That looking
at the interplay between topology and dynamics is worthwhile was once
more confirmed when the Arnold conjecture (see for instance [12] or [56])
spawned an entirely new field, namely that of Symplectic topology. Among
other things this is a Morse-type theory that links existence of one-periodic
solutions to the Hamilton equations on symplectic manifolds to the topology
of that manifold. The Hamilton equations for a symplectic manifold M and
a Hamiltonian H : M × [0, 1]→ R are given by

xt(t) = XH(x(t)), (2.1)

where XH is the Hamiltonian vector field, cf. [6] . The Morse theory is then
constructed by considering solutions of (2.1) as critical points of an action
functional AH : C∞(R/Z;M) → R. Choosing an appropriate Hamiltonian
one can count the number of Floer cylinders. Floer cylinders are solutions
of

xs(s, t)− J(xt(s, t)−XH(x(s, t)) = 0, (2.2)
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for which the limits s→ ±∞ are solutions of (2.1) and for J an almost com-
plex structure (compatible with the symplectic structure on M). Combining
the information of the critical points and the Floer cylinders one can con-
struct the Floer Homology (named after the groundbreaking work of Andreas
Floer, for instance [18] and [19]). See also Sections 1.2.1 and 1.2.2. Surpis-
ingly this invariant does not depend on the choice of (generic) Hamiltonian,
or the (compatible) almost complex structure J , in other words a continua-
tion property holds. Furthermore if this Floer homology is non-trivial then
there exists a periodic solution of Hamilton’s equations. While statements
like this are very deep and beautiful, computing the Floer homology is in
many cases extremely difficult when the manifold is not closed. Another
facet of this theory is the close relation between the Floer Homology, Morse
theory and the Conley index. All are topological tools that might help anal-
yse the dynamical properties of certain ODE’s. In [41] a nice overview is
made of all three invariants.

A slightly different approach to the Arnold conjecture on the disk was
done in [50]. Here a Floer homology was constructed on spaces of braid
diagrams. The idea was to consider generalisations of periodic functions on
the disk. Braids are collections of functions from the interval [0, 1] to the
disk such that when considered in the same diagram they never intersect
each other, and such that at 0 and 1 the values of the strands form the same
set. In other words, a braid x is a set of functions xi : [0, 1]→ D2 such that

xi(1) = xτ(i)(0),

such that xi(t) 6= xj(t) for all t ∈ [0, 1] and for a permutation τ ∈ Sn.
Braids may consist of multiple components, i.e. a subcollection of strands

that form a braid by themselves. When giving the components of the braid
one out of two colors (the free strands and the skeletal strands) relative braids
are formed. Now the invariant is constructed by choosing a Hamiltonian
function H such that the skeletal strands are a braid solution of the Hamilton
equations{

xit(t) = XH(xi(t)),
xi(1) = xτ(i)(0) for all i = 1, . . . , n.

Then all critical points of the action functional and all the connecting orbits
between these critical points form a chain complex. After passing to the
homology this chain complex is independent of the choice of Hamiltonian.
Once more if the homology is non-zero, there exists a solution of Hamiltons
equation inside the original braid class. Since the topology of the braid
classes may be highly non-trivial (see for instance [10]), the hypothesis is
that this method could be used to force periodic solutions, once we know
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existence of an original periodic function. There is a problem however: it
is still very hard to compute. There is hope however, another topological
braid class invariant exists, the (discrete) Conley index of a braid class. This
is an easy to compute object, in fact an algorithm could be found in [49].
If we could link this Conley index and the Braid Floer homology, suddenly
the latter could be computed. The first step in the execution of this plan is
that we need a slightly more computable version of Braid Floer homology.
This is where this chapter comes into play. The idea is that we can consider
an adiabatic limit of the Braid Floer case that produces different dynamics.
These parabolic equations, as it turns out, are easier to work with for a
plethora of reasons. The most important one is that it makes discretisation
of the dynamics possible and hence can form a link between the discrete
Conley Index and the Braid Floer homology.

This chapter is dedicated to defining the invariant in the middle. We call
it Braid Morse homology and it uses properties of parabolic PDE’s of the
form

vs − vtt + v − Vq(t, v)− g(t, v, vt) = 0. (2.3)

Here V is a compactly supported potential function that is related to the
Hamiltonians H(t, p, q) = 1

2p
2 − 1

2q
2 − V (t, q). The perturbation g is a

C∞-small perturbation that is added to obtain necessary transversality (see
section 2.6). The issue we encountered was that staying in the case g = 0
(which results in a gradient-flow) was not a rich enough environment to
show generic transversality. It turns out that almost all connecting orbits
between non-degenerate critical points are automatically tranversal (this is
explained in [29]). There is only one case for which the connecting orbits are
not automatically transverse. Here we can only show generic transversality
by adding the perturbation g. This is done in Section 2.6.2.

A Legendrian braid diagram (see Definition 1.1.7) whose strands are
solutions of (2.3) has dynamic simplifying behaviour. The number of inter-
sections in the braid diagram can only decrease as time progresses. This fact
allows us to construct an isolating neighbourhood which in turn makes it pos-
sible to construct a Morse-type homology, very similar to the Braid Floer ho-
mology constructed in [50]. These isolated neighbourhoods are called braid
class fibers and denoted [q] rel Q, where Q denotes the skeleton and q is
our candidate function that determined in which braid class we look for
solutions.

It is also no longer necessary to work with the Conley-Zehnder index,
since it turns out that we can use the Morse index as our grading in the
chain complex (see section 2.5). The construction of the invariant depends
heavily on the before mentioned isolation properties. Furthermore certain

34



2.2. BRAID DIAGRAMS

uniform bounds are required to make sure we have appropriate convergence
of solutions. This translates to compactness of spaces of solutions which
allows us to eventually count the number of connecting orbits between sta-
tionary solutions. The uniform bounds are discussed in Section 2.4, where a
bootstrapping argument is central in showing convergence in appropriately
smooth norms.

The goal of this chapter is to show existence of the Braid Morse homology
HM?([q] rel Q; (V, g)) for proper relative braid class fibers [q] rel Q and prove
that is in fact is invariant of the choice of fiber and of admissible Morse-Smale
pair (V, g), which allows us to speak of HM?([q rel Q). Furthermore we get
the following theorem,

Theorem 2.1.1. Let [q rel Q] be a proper relative braid class. If
HM?([q rel Q]) 6= 0 then for every fiber [q] rel Q′ and every
V ∈ C∞(R/Z×R;R) for which q ∈ Crit V we have that Crit V ([q] rel Q) 6=
0.

2.2 Braid diagrams

We will think of braid diagrams and braids as generalisations of periodic
functions. Using Braid diagrams allows us to consider multiple periodic
function of possible different (rational) period simultaneously.

2.2.1 Spaces of braid diagrams

Braid diagrams play a pivotal role in this paper. we start with a definition
spaces of smooth, closed braid diagrams.

Definition 2.2.1. The space of closed, positive braid diagrams on n strands,
denoted by Λn, is the set of all pairs (q, τ), where τ ∈ Sn is a permutation on
n elements and the n-tuple q = (q1, · · · , qn), with strands qi ∈ C1([0, 1];R),
which satisfy

i) qi(1) = qτ(i)(0) and qit(1) = q
τ(i)
t (0),

ii) for every pair of distinct strands qi and qj for which qi(t0) = qj(t0) it
holds that qit(t0) 6= qjt (t0).

The topology on Λn induced by the standard topology on C1([0, 1];R) on
the strands qi (see also the remark below).
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Remark 2.2.2. Two braid diagrams q and q̃ are close if the strands qi and
q̃i are close in C1([0, 1]). The metric on Λn is given by

δ(q, q̃) :=
∑
i

‖qi − q̃i‖C1([0,1]),

making Λn a metric space.

If we define ∆ ⊂ Rn as the subset of points for which qi = qj for some
i 6= j, then Λn may be regard as the space of C1-paths q:R → Rn, q&∆
and q(t + 1) = τq(t), for some τ ∈ Sn. We say that such paths intersect
transversely.

Since we chose to order the strands in Λn every path component of Λn

has a unique permutation τ ∈ Sn of the beginning and end points, which
justifies omitting the permutation τ from the notation in most cases. This is
more convenient for building suitable Hilbert manifolds of braid diagrams, cf.
Section 2.5. Since the braid diagrams in Λn are closed only the conjugacy
classes of permutations occur. A component of Λn with permutation τ
may also be associated with a conjugate permutation τ̃ by renumbering the
strands.

Remark 2.2.3. In [23] the space of braid diagrams is defined in the contin-
uous setting by replacing Condition (ii) by

(ii’) for every pair of distinct strands qi and qj for which qi(t0) = qj(t0) it
holds that qi(t)− qj(t) has an isolated sign change at t = t0.

We will denote this larger class of continuous braid diagrams by Λn
0 .

Definition 2.2.4. Let (q, τ) be a braid diagram. Define the periodic ex-
tension of the strands qi by

qi(t+ `) := qτ
`(i)(t), (2.4)

for t ∈ [0, 1] and ` ∈ Z. We will abuse notation and denote the periodic
extension again by qi.

The path components of Λn comprise the closed braid classes [q]. We
write for q,q′ ∈ [q], q ∼ q′ if q and q′ are in the same path connected
component. This is an equivalence relation on Λn, where the braid classes are
the equivalence classes. The associated permutations τ and τ ′ are conjugate.
A path connecting q and q′ is called a positive isotopy and the equivalence
relation is also referred to positively isotopic.
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For a braid diagram q ∈ Λn the total number of crossings of the graphs
qi is called the intersection number,

I (q) := #{intersections in the diagram q}. (2.5)

By compactness of [0, 1] and transversality of the intersections, I (q) is finite
for every q ∈ Λn and I(q) is an isotopy invariant for [q], i.e. the intersection
number is constant on path components [q].

By Λ̄n we denote the complete metric space of all pairs (q, τ) satisfying
(i) in Definition 2.2.1. This allows us to define the set of singular braid
diagrams:

Σn := Λ̄n −Λn.

The two different types of singular braid diagrams are:
Collapsed singular braid diagrams:

Σn− :=
{

q ∈ Σn | for some i 6= i′ we have qi(t) ≡ qi
′
(t) ∀t ∈ R

}
,

Properly singular braid diagrams:

Σn+ :=
{

q ∈ Σn | ∃ i, i′ s.t. qi(t) 6≡ qi
′
(t) ∀t ∈ R

}
.

A pair (q, τ) ∈ Λ̄n − Σn− is called non-trivial and is characterized by the
fact that all strands are distinct. For individual path braid classes we define
Σn[q] := cl[q]− [q], Σn−[q] = Σn[q] ∩ Σn− and Σn+[q] = Σn[q] ∩ Σn+.

2.2.2 Relative braid diagrams

When we consider dynamics on braid classes it will prove to be useful to
keep certain strands in a braid diagram separate from others. Let q ∈ Λn

and Q ∈ Λm be braid diagrams such that the ordered pair (q,Q) represents
a braid diagram

γ = (q1, . . . , qn, Q1, . . . , Qm) ∈ Λn+m.

Such braid diagrams are denoted by q rel Q and are referred to as the relative
braid diagrams. The space of all relative braid diagrams is denoted by Λn,m

and the associated path component [q rel Q] ⊂ Λn,m is called a relative braid
class. The braid diagram Q is called the skeleton and q is called the free
part of the braid diagram. Via the projection $ : [q rel Q] → [Q] we can
the define the braid class fibers Λn rel Q = π−1(Q) ⊂ Λm. The connected
components of Λn rel Q are denoted by [q] rel Q.

A way to rephrase this definition Λn,m is to consider C1-paths γ:R →
Rn+m, γ&∆ and γ(t+ 1) = τγ(t), for some τ ∈ Sn × Sm.
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Figure 2.1: Example of a relative braid

Definition 2.2.5. A relative braid class [q rel Q] is said to be proper if for
any fiber [q] rel Q ⊂ Λn we have:

cl([q] rel Q) ∩ Σn ⊂ Σn+,

where closure in taken in Λ̄n.

2.3 The heat equation

There exists a relation between positive braid diagrams and parabolic dy-
namics, eg. [23]. We start with second order scalar equations.

2.3.1 Second-order modes

Let V ∈ C∞c (R/Z × R;R) be a smooth potential function and let g ∈
C∞c (R/Z×R2;R) be a smooth and compactly supported perturbation. Con-
sider the differential equation

qtt − q +∇V (t, q) + g(t, q, qt) = 0, t ∈ R/Z, (2.6)

where ∇V denotes the gradient of V with respect to q. Since both function
are 1-periodic the boundary value problem of Equation (2.6) can be posed
on spaces of braid diagrams.

Definition 2.3.1. A pair (q, τ) ∈ Λ̄n is stationary with respect to Equation
(2.6), if the latter is satisfied point wise for every strand qi ∈ q, with the
periodic boundary conditions given by Definition 2.2.1(i).

Stationary pairs of Equation (2.6) have special properties due to the
regularity coming from the equation.
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Figure 2.2: An example of a Legendrian braid and a linear braid represen-
tative

Lemma 2.3.2. Every non-trivial stationary pair (q, τ) ∈ Λ̄n−Σn− of Equa-
tion (2.6) is a positive braid diagram, i.e. (q, τ) ∈ Λn.

Proof. Suppose qi(t0) = qj(t0) and qit(t0) = qjt (t0) for some t0 ∈ [0, 1] and
i 6= j. Consider the initial value problem for Equation (2.6) at t0. By
existence and uniqueness of solutions, we have that qi(t) ≡ qj(t) for all
t ∈ R, which contradicts the fact that (q, τ) is non-trivial. Consequently,
tangent intersection do not exist and (ii) in Definition 2.2.1 is satisfied.

By regularity the stationary braid diagrams are smooth, i.e. the strands
qi are smooth periodic functions on R. The converse question is whether a
given braid diagram can be realized as a stationary braid diagram. Since we
imposed smooth regularity on the functions V and g, this question is only
relevant for smooth braid diagrams.

With respect to relative braid class fibers [q] rel Q we seek a function
V such that Q ∈ Λm is stationary with respect to Equation (2.6). It is
impossible to find an appropriate V for all different Q ∈ Λm. We pass to
a stricter class of braids where such a construction is possible. This class is
called Λm

lin and consists of all braid diagrams with linear crossings.

Definition 2.3.3. A braid q is called a braid diagram with linear crossings
if there exists a δ > 0 such that for each intersection qi(t0) = qj(t0) we have
that

qkt (t) = constant, for all t ∈ [t0 − δ, t0 + δ] and k ∈ {i, j}.

Due to braid property we see that the constant value of the braids have to
be different for i and j. See also Figure 2.2.

Lemma 2.3.4. Let Q ∈ Λm
lin be a smooth braid diagram with linear cross-

ings. Then, there exist a function V such that Q is stationary with respect
to Equation (2.6).

39



CHAPTER 2. BRAID MORSE HOMOLOGY

Proof. We will illustrate the idea with a braid of two strands and a single in-
tersection. The result generalizes since there only a finite number of strands
with a finite number of intersections. So let Q1, Q2 be two strands with and
intersection at t0. Let δ > 0 be such that Q1|(t0−ε,t0+ε) and Q2|(t0−ε,t0+ε)
are linear functions. Now choose δ > 0 small enough so that the sets

Oiδ = {(t, q) ∈ [0, 1]× R : |Qi(t)− q|< δ}

are disjoint outside of [t0 − ε/2, t0 + ε/2]. Let λi be a C∞-bump function
that is 1 on Oiδ − [t0 − ε, t0 + ε] × R and 0 on Oiδ ∩ [t0 − ε/2, t0 + ε/2] × R.
We then define,

∇V (t, q) :=

2∑
i=1

λi(t, q)
“

−Qitt(t) +Qi(t)
‰

+ (1− λi(t, q))q.

Taking an anti-derivative gives us the V we require.

Lemma 2.3.5. Let Q,Q′ ∈ Λm
lin such that Q and Q′ are in the same path

component of Λm. Then we can find a continuous path γ : [0, 1]→ Λm
lin such

that γ(0) = Q and γ(1) = Q′.

Proof. Classical results in Legendrian knot theory (for instance [48]) tell us
all isotopies on the level of the knot can be translated to isotopies on the level
of the diagrams if we add the Reidemeister moves. Since we have slightly
more restrictions we get that Reidemeister I and Reidemeister II are not
allowed in Legendrian braid diagrams. This leaves us with Reidemeister III
(see Figure 2.3). This means to prove the result we need to show that we
can do Reidemeister III with keeping all of the crossings linear. However
Reidemeister III is equivalent to Reidemeister III’ as seen in Figure 2.3. In
this move all crossings can stay linear without changing anything. As such
all isotopies between braids can be deformed as isotopies of braids with linear
crossings.

2.3.2 A class of evolution equations

We introduce a class of evolution equations on the spaces of braid diagrams.

The unperturbed heat equation

Let V ∈ C∞c (R/Z × R;R) be a potential function and consider the heat
equation

us = utt − u+∇V (t, u). (2.7)
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Figure 2.3: Reidemeister III and III’

Consider functions u = (u1, . . . , un):R+ × R → Λ̄n, for which the com-
ponents ui satisfy the heat equation in (2.7). This automatically implies
that the components ui satisfy the boundary conditions ui(s, 1) = uτ(i)(s, 0)

and uit(s, 1) = u
τ(i)
t (s, 0). For a given q ∈ Λ̄n, the solutions Ψ0(s,q) :=

u(s) ∈ Λ̄n define a semi-flow on the space Λ̄n, which will be referred to as
aparabolic semi-flow.

We can view Equation (2.7) as the negative L2-gradient semi-flow of
action functional LV : Λ̄n → R, which is defined by

LV (q) :=
∑
i

∫ 1

0

“

1
2 |q

i
t|2+ 1

2 |q
i|2−V (t, qi)

‰

dt. (2.8)

Stationary solutions of Equation (2.7) coincide with critical points of
LV , cf. Lemma 2.3.2. Non-stationary solutions of Equation (2.7) are also
solutions of the following L2-gradient system

us = −∇L2LV (u).

The class of perturbed equations

In order for the semi-flow Ψ to satisfy various genericity properties we need to
embed Equation (2.7) in a larger class of equations. Let g ∈ C∞c (R/Z×R2;R)
and consider the perturbed heat equation

us = utt − u+∇V (t, u) + g(t, u, ut). (Hg)

By the same token as before we obtain a parabolic semi-flow Ψ on Λ̄n and
Ψ restricts to Ψ0 when g = 0. The idea is that if ‖g‖C∞ is sufficiently small,
then Equation (Hg) acts as a gradient-like system and LV is a Lyapunov
function. Parabolic semi-flows behave favorably with respect to braid classes
in the sense that parabolic semi-flow cannot re-enter path components of Λn.
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Definition 2.3.6. A flow-line u(s) ∈ Λ̄n, for all s ∈ R, is called a bounded
solution of Equation (Hg) if the components ui of u satisfy Equation (Hg)
for all i and |LV (u(s))|≤ C for all s ∈ R for some constant C > 0.

Remark 2.3.7. It can be shown that the action condition |LV (u(s))|<∞
for all s ∈ R is equivalent to the energy bound

ť

R×R/Z|us|
2<∞.

Proposition 2.3.8 (Monotonicity of intersection numbers). Let q ∈ Λn.
Suppose Ψ(s0,q) ∈ Σn+ for some s0 > 0. Then, there exists an ε∗ > 0 such
that Ψ(s,q) ∈ Λn for all s ∈ rs0 − ε∗, s0 + ε∗s− {s0}, and

I (Ψ(s0 − ε,q)) > I (Ψ(s0 + ε,q)), ∀0 < ε ≤ ε∗.

Proof. The Proposition is direct consequence of the results in [5] and [17].
Indeed, if u(s0, ·) = Ψ(s0,q) ∈ Σn+, then there exist i 6= i′ and t0 ∈ [0, 1],
such that

ui(s0, t0) = ui
′
(s0, t0), ut

i(s0, t0) = ut
i′(s0, t0),

and ui(t) 6≡ ui
′
(t). The results in [5] and [17] then imply that Ψ(s,q) is

in Λn for s in a small neighborhood of s0 and the intersection number I
decreases strictly.

2.4 Uniform bounds

In this section we will derive L∞-bounds for the stationary and non-stationary
solutions that were introduced in the previous section.

2.4.1 Stationary solutions

Braids diagrams (q, τ) ∈ Λn that are stationary with respect to Equation
(2.6) consist of periodic strands if we consider the R-extension. Therefore,
in order to obtain uniform bounds on stationary braid diagrams it suffices
to derive bounds for the strands qi regarded as `-periodic functions.

Lemma 2.4.1. Let q be an `-periodic solution of Equation (2.6). Then,

max
t∈R/Z

|q(t)|≤ C,

where C depends on `, V and g.
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Proof. By assumption |V |≤ C on R/Z× R and |g|≤ C on R/Z× R2. Mul-
tiplying Equation (2.6) by q and integrating over [0, `] yields∫ `

0

“

|qt|2+|q|2
‰

dt ≤ δ
∫ `

0

|q|2dt,

for some δ = δ(V, g). This implies that ‖q‖H1(0,`)≤ C, which completes the
proof by Sobolev embeddings.

A direct consequence of Lemma 2.4.1 is that all stationary braid dia-
grams with respect to Equation (2.6) form a bounded set in Λ̄n. Since
stationary solutions are contained in Λn we denote the set of all stationary
braid diagrams by Crit (Λn).

Proposition 2.4.2. The set Crit (Λn) ⊂ Λ̄n of stationary braids with re-
spect to Equation (2.6) is a compact subset.

Proof. Combine the a priori bounds in Lemma 2.4.1 with regularity for Equa-
tion (2.6). This shows uniform Cr-bounds for every r ≥ 0, this then proves
convergence by the Arzela-Ascoli theorem.

2.4.2 Uniform bounds for the heat equation

In order to obtain bounds on flow-lines of parabolic flows we now turn our
attention to solution of the heat equation given in (2.7) by consider periodic
boundary condition as above. Consider the function spaces

H1,2(R2) := {u ∈ L2(R2) : ut, us, utt ∈ L2(R2)},

with norm

‖u‖2H1,2 :=

∫ ∫
(|u(s, t)|2+|utt(s, t)|2+|us(s, t)|2)dsdt.

The above spaces can also be defined any compact subset K of R2 by re-
placing R2 with K in the notation. The modified heat operator is defined
as

Ξu = us − utt + u.

Lemma 2.4.3. For all u ∈ C1,2
c (R× R) we have,

‖u‖H1,2(R2)≤ ‖Ξu‖L2(R2).
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Proof. Using the Fourier transform we obtain the following,

|yΞu(η, ξ)|2=
“

η2 + (ξ2 + 1)2
‰

|û(η, ξ)|2.

we also have the following identities

|xus(η, ξ)|2= η2|pu(η, ξ)|2, |xutt(η, ξ)|2= ξ4|pu(η, ξ)|2.

Using Plancherel’s identity gives

‖u‖2H1,2(R2)=

∥∥∥∥∥
ˆ

1 + ξ4 + η2

(η2 + (ξ2 + 1)2

˙

1
2

yΞu

∥∥∥∥∥
2

L2(R2)

≤ ‖Ξu‖2L2(R2),

which completes the proof, as 1+ξ4+η2

(η2+(ξ2+1)2 ≤ 1.

Lemma 2.4.4. Let K,G ⊂ R2 be compact domains such that K ⊂ intG.
Then there exists a constant CK,G > 0 such that

‖u‖H1,2(K)≤ CK,G
`

‖Ξu‖L2(G)+‖u‖L2(G)+‖ut‖L2(G)

˘

,

for every u ∈ C1,2(R× R/Z).

Proof. Fix ε < d(∂G,K), and let {Bε/2(xi)}Ni=1 be a finite cover of K, for
some (xi)

N
i=1 ⊂ K. Now let ρε,i be a smooth partition of unity of

N⋃
i=1

Bε/2(xi) ⊃ K,

subordinate to {Bε(xi)}Ni=1. Now if we take C to be twice the maximum of
the L∞(G)-norm of ρε,i and of all its first and second derivatives, we can
use Lemma 2.5 and

Ξ(u · v) = (Ξu) · v + u · (Ξv)− 2ut · vt − u · v,

to obtain the following estimate,

‖ρε,iu‖H1,2(R2)≤ C
`

‖Ξu‖L2(G)+‖u‖L2(G)+‖ut‖L2(G)

˘

. (2.9)

Since u =
∑N
i=1 ρε,iu the desired inequality follows.

Lemma 2.4.5. Let u be a bounded solution of Equation (Hg). Then,

‖u(s)‖H1(R/Z)≤ C, ∀s ∈ R,

where C depends on g and the action bound on |LV (u(s))|.
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Proof. By definition ‖u(s)‖2H1(R/Z)= LV (u(s)) −
∑
i

∫ 1

0
g(t, ui, uit)dt. Since

the action is bounded in absolute value and g has compact support, we
obtain LV (u(s)) ≤ C for all s ∈ R.

The above a priori bound allows us to prove the following global bound
on bounded solutions.

Proposition 2.4.6. Let u be a bounded solution of Equation (Hg). Then,
the components ui(s, t) satisfy

|∂αui(s, t)|≤ C, (s, t) ∈ R× R/Z,

with ∂αui = ∂αtt ∂αss ui and C depends on α, g and the action bound.

Proof. If suffices to prove the estimate for a component u = ui of u. Denote
R(s, t) = ∇V (t, u(s, t)) + g(t, u(s, t), ut(s, t)). For S > 0, define R1

S =
[S − 2, S + 3] × [−2, 3] and R2

S = [S − 1, S + 2] × [−1, 2]. Combining the
Lemmas 2.4.4 and 2.4.5 yields

‖u‖H1,2(R2
S)
≤ C

´

‖Ξu‖L2(R1
S)

+‖u‖L2(R1
S)

+‖ut‖L2(R1
S)

¯

≤ C.

We repeat this argument for the derivatives of u. Define Rt := ∂tR and
R3
S = [S, S + 1]× [0, 1]. Then, Ξut = Rt, and from Lemma 2.4.4

‖ut‖H1,2(R3
S)
≤ C

´

‖Rt‖L2(R2
S)

+‖ut‖L2(R2
S)

+‖utt‖L2(R2
S)

¯

≤ C,

which shows that u ∈ H1,3(R3
S). By the continuous Sobolev embeddings

we obtain u ∈ Cα(R3
S). Since Equation (Hg) is autonomous the bound is

independent of S. Via bootstrapping with respect to the t-derivative we
obtain the desired bounds.

Define the the bounded orbit spaces

N a
g := {u | u a solution of (Hg) and |LV (u)|≤ a for all s ∈ R}. (2.10)

Theorem 2.4.7. The space N a is compact with respect to the Crloc-topology
for every r ∈ N.

Proof. The proof follows from Proposition 2.4.6 and the Rellich-Kondrachov
embedding theorem, cf. [3].

Remark 2.4.8. Another approach to bounded solutions of Equation (Hg)
is to employ the maximum principle. Consider solutions u bounded in the
L∞-norm on R×R/Z. Then, via the sub/super solutions given by constants
outside the support of V and g, we obtain a priori L∞-bounds on u and its
derivatives.
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2.4.3 Effects of perturbations

It is important that even though we lose the gradient-structure once we
perturb with a g, the system is still gradient-like. Furthermore eventually
we will choose g in such a way that the stationary solutions do not change.
In other words stationary solutions of (H0) will still be stationary solutions
of (Hg), and no new stationary solutions are created.

In this section we show that for a small enough perturbation all the
bounded orbits can only have stationary solutions as limits for s → ±∞.
This immediately excludes unwanted behaviour like for instance periodic or-
bits. Eventually we would like to make sure that closed chains of connecting
orbits or homoclinic orbits do not appear as solutions. These cases are dealt
with in section 6, when we choose Morse-Smale perturbations.

We start with g = 0, then the system is of gradient-type. This means
the bounded solutions are either stationary or connecting orbits. Adding the
perturbations we get the following convergence if we make the perturbations
small enough. Assume in this section that g is chosen in such a way that
stationary solutions of (Hg) coincide with stationary solutions of (H0), i.e.
around stationary solutions of (H0), g will be locally zero. Later we will show
that we can always choose a g in this way.

Lemma 2.4.9. Let (gn)n∈N be any sequence of perturbations such that
‖gn‖C∞→ 0 as n → ∞. Then on compact domains K × R/Z any sequence
of solutions of (Hgn), (un)n≥0, must have a convergent subsequence which
converges to a solution of (H0), in a Crloc-sense.

Proof. Proposition 2.4.6 tells us that solutions of (Hgn) are bounded. Note
that this uniform bound depends continuously on ‖gn‖C∞ . We can find a
maximum bound that bounds all of the solutions for n big enough. As such
if we take a sequence of solutions un solution of (Hgn) it must converge on
compact intervals by Arzela-Ascoli in all derivatives. It is clear that since it
does converge it must converge to a solution of (H0).

There are particular types of convergence that we show cannot exist.

Lemma 2.4.10. Let un be a sequence of non-stationary solutions of (Hgn)
with ‖gn‖C∞→ 0 as n → ∞. Then there does not exist a subsequence unk

and a non-degenerate stationary solution (see Section 2.5.1) of (H0), q0,
such that

unk → q0 in the C2(R× R/Z;Rn)-norm.

Proof. Assume by contradiction that this subsequence and limit do exist.
Recall that, by the way we chose our g, q0 is a solution of (Hgn). Denote
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the strands of q0 by qk.

pn :=
un − q0

‖un − q0‖C0(R×R/Z)
.

This is well defined since un is not a stationary solution so the C0-norm
must be positive somewhere. We can expand the non-linear terms to see
that the strands of pn satisfy the following equation,

vs = vtt − v + d2V (qk)v +O(‖un − q0‖C0(R×R/Z)).

Note that pn → p0 in the C0(R × R/Z)-norm, for some p0 that satisfies
‖p0‖C0(R×R/Z)= 1. Furthermore the strands pk of p0 are solutions of

vs = vtt − v + d2V (qk)v. (2.11)

However, since all stationary solutions are hyperbolic (non-degenerate), the
exponential dichotemy holds, which tells us the only bounded solution of
(2.11) is the zero solution. Since ‖p0‖C0(R×R/Z)= 1, this is a contradiction.

As mentioned before non-stationary solutions of (Hg) for g small enough
admit limits for s→ ±∞. This behaviour is summarized as saying that the
ω-limit set of the non-stationary solutions under the flow Ψ generated by
(Hg) consist of a collection of stationary solutions.

Lemma 2.4.11. There exists an ε0 > 0 such that for all g perturbations
with ‖g‖C∞< ε0 and each u bounded solution of (Hg) we get that the omega
limit set of u(0) under the flow Ψ

ω(u(0)) ⊂ Crit V (Λn).

Proof. By contradiction assume once more we have a sequence gn with
‖gn‖C∞→ 0 as n → ∞, and that we have non-stationary solutions un such
that for each n, ψn has a non-stationary point wn in the ω-limit set. There
are only a finite number of stationary solutions q′ of (H0) which means the
set of values C := {LV (q′)} is also finite. We can choose a δ > 0 and a
subsequence of wn for which minc∈C{|LV (wn) − c|> δ, if this is not imme-
diately the case we can flow the points wn forward since the ω-limit sets are
invariant. We call this subsequence wn again. These points are still ω-limit
points for un(0), which means we can find s0n > 0 for all n such that

|LV (un(s0n))−LV (wn)|< δ.
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Since (Hg) is a translation invariant equation we may define a new sequence
of solutions,

Un(s) := un(s− s0n).

By the first step of this proof there exists an interval [−S, S] such that
Un → U0 on [−S, S] × [0, 1] as n → ∞. By choice of s0n we know that
minc∈C |LV (U0(0))− c|≥ δ. This means that U0 is not a stationary solution
so it has to be a connecting orbit (the only bounded solutions of (H0) are
stationary and connecting orbits). Now set C1 = LV (U0(−S)) and C2 =
LV (U0(S)). Due to continuity of LV we can find C2 < c2 < LV (U0(0)) <
c1 < C1 and two sequences (s1n), (s2n) such that LV (Un(sin)) = ci. Since wn
are ω-limit points we can find a sequence (s3n) such that s3n is the smallest
value bigger than s2n for which LV (Un(s3n)) = c1. Furthermore there exists
an ε > 0 such that for all n, s3n − s2n > ε. We translate time one more and
define

ĂUn(s) := Un(s− s3n).

Since s3n is the first time the values of LV (Un(s)) is back to c1 we have

LV ( ĂUn(s)) < c1 for all s ∈ (−ε, 0).

Furthermore we have convergence of ĂUn on [−ε, 0]× [0, 1] to a ĂU0 solution

of (H0). Now, ĂU0 has the properties that, by continuity,

LV (ĂU0(s)) ≤ c1 for all s ∈ (−ε, 0) and LV (ĂU0(0)) = c1.

This contradicts the fact that LV is a Lyapunov function and c1 is not a
stationary value.

Combining Lemma 2.4.10 and Lemma 2.4.11 we see periodic orbits can-
not exist. Furthermore, all bounded solutions of (Hg) are either stationary
solutions, connecting orbits or chains of connecting orbits. Note that we
can only make this statement if all stationary solutions of (H0) are non-
degenerate. In the next section we show that this is generically true.

2.5 Morse functionals

An important ingredient in the definition of our topological invariant is that
we show that generically (Hg) is a Morse-Smale system on Λn. The proof
of this comes in three parts. The first part is showing that if we start with a
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gradient system we can always perturb the potential function V in such a way
that LV is Morse function on Λn. The next step is showing that if we have
a Morse function LV almost all of the connecting orbits of Equation (2.7)
satisfy an automatic transversality property, i.e. a connecting orbit between
either two stationary points of different index, or equal (odd) index, will
persists under small perturbations. Finally the third part will show that
connecting orbits between stationary points of equal even index do not exist
generically. This first section is devoted to the first step.

At the heart of the genericity results in this section is the following version
of the Sard-Smale theorem.

Theorem 2.5.1 (Theorem 3.1 in [52]). Let F : A × B → X be a smooth
map from seperable Banach manifolds A and B to a Banach space X such
that

i) dFb(a) : TaA → X is Fredholm for all a ∈ F−1b (0) for all b ∈ B,

ii) dF(a, b) : TaA× TbB → X is surjective for all (a, b) ∈ F−1(0).

Note that technically the derivatives map to a tangent space of X. But the
tangent space of a Banach space is isomorphic to the space itself. Then the
subset

{b ∈ B : dFb(a) is surjective for all a ∈ F−1b (0)}

is dense in B.

In order to prove a genericity result for the action function LV we need an
appropriate functional setting. Define the Hilbert manifold H1Λn as the set
of H1-functions q: [0, 1]→ Rn contained in Λn

0 , cf. the second remark below
Definition 2.2.3. The tangent space TqH

1Λn at a connected component with
permutation τ is isomorphic with H1

τ (R/Z) = {q ∈ H1([0, 1];Rn) : qi(1) =
qτ(i)(0)}. The embedding Λn ↪→ H1Λn is a homotopy equivalence. The
action function LV is a smooth function on the Hilbert manifold H1Λn.

Definition 2.5.2. A critical point q of LV is non-degenerate if the second
derivative d2LV defines an invertible (self-adjoint) operator on the associ-
ated Hilbert space H1

τ (R/Z).

Equivalently, a critical point q of LV is non-degenerate if the unbounded
operator

L := − d2

dt2
+ Id−d2V (t,q(t)):H2

τ (R/Z) ⊂ L2([0, 1];Rn)→ L2([0, 1];Rn)
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is invertible, where d2V (t,q(t)) denotes the Hessian of V at q(t). The op-
erator L is a compact perturbation of the positive definite operator L0 =

− d2

dt2 + Id and the finite number of negative eigenvalues of L is called the
Morse index of q and is denote by β(q).

We formulate the genericity result for the more general situation of braid
class fibers H1Λn rel Q, for some skeleton Q ∈ Λm (not necessarily station-
ary).

Theorem 2.5.3. Let Q ∈ Λm. For every V ∈ C∞c (R/Z × R) and every
ε > 0 there exists a potential V ′ ∈ C∞c (R/Z× R) with

i) ‖V − V ′‖C∞< ε,

ii) supp (V ′) ∩ supp (Q) = ∅,

such that LV ′ is a Morse function on H1Λn rel Q.

Proof. It is clear that if we want to keep Q as a stationary braid we do not
want to perturb our potential V close to Q. Furthermore since we know
our stationary braids all lie in a bounded set (see Lemma 2.4.1) we do not
wish to perturb outside of this bounded set, after all we need our potential
functions to be compactly supported (this will ensure we satisfy the second
condition of V ). Let D be the C0-bound on Crit V ([q] rel Q), and define the
following,

Oε := {(t, r) ∈ R/Z× R : |Qi(t)− r|≥ ε and |r|≤ D + 1}.

And we define our space of all permitted variations,

Vε := {h ∈ C∞(R/Z× R) : supp(h) ⊂ Oε}.

Of course we want our variations to be very small, so the final set of variations
will be;

Vε,δ := {h ∈ C∞(R/Z× R) : supp(h) ⊂ Oε and ‖h‖C∞< δ}.

Without specifying a norm this space is not a Banach space. We define, for
a sufficiently fast decaying sequence of positive real numbers (εk) the norm,

‖h‖C∞ :=

∞∑
k=0

εk‖h‖Ck .

In analogy of [44, Section 8] and [21, Lemma 2.1] there exists a sequence
(εk) that makes Vε,δ into an open subspace of a Banach space. Now that we
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defined the space of variations of the potential functions, we want to look at
the space of functions that can be critical points. First we will once more
need a condition to make sure solutions only intersect transversally with Q,
otherwise they might not even be in the right relative braid class. Set

Iε := {(t, r, p) ∈ R/Z× R× R :
b

|Qi(t)− r|2+|Qit(t)− p|2 < ε}.

Define now the space of admissible braids,

Uε := {q ∈ H2
σ :

´

t, qj(t), qjt (t)
¯

/∈ Iε ∀j, t}. (2.12)

Again note that this space is a Banach manifold. We define the smooth
mapping F : Uε × Vε,δ → L2([0, 1];Rn) as

F(q, h) := qtt − q + Vq(t,q) + hq(t,q).

Call the zero set of this smooth map Z := F−1(0). Note that these consists
of all pairs (q, h) such that q is a critical point for LV+h. We now apply
Theorem 2.5.1. Fix a perturbation h0 ∈ π2(Z)(here π2 is the projection on
the second co-ordinate). Then for q ∈ F−1h0

(0);

dFh0(q)ξ = ξtt − ξ + d2 pV + h0q (t,q)ξ.

Note that this is an elliptic differential operator since the coefficient of the
highest derivative is non-vanishing (we only have a single variable). This
operator is Fredholm since it is an ordinary differential equation. Hence
part i) of Theorem 2.5.1 holds.

Now for part ii) Due to the Hahn-Banach theorem showing that dF(q, h)
is surjective is equivalent to showing that the image has trivial annihilator.
We will prove by contradiction. Assume 0 6= η ∈ L2([0, 1];Rn) such that

〈η, dF(q, h) pξ, δhq〉 = 0,

for all pξ, δhq ∈ T(q,h)Z. This means that both

0 = 〈η, dFh(q) pξq〉 =
〈
η, ξtt − ξ + d2(V + h)(t,q)ξ

〉
and (2.13)

0 = 〈η, dFq(h)δh〉 = 〈η,∇δh(q)〉 . (2.14)

We want to use (2.13) to construct an element of Vε that is in contradiction
with (2.14). First of all since η 6= 0 we can find a t0 and a δ1 such that

〈η(t0), η(t)〉Rn > 0,
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for all t ∈ [t0 − δ1, t0 + δ1] =: It0 . This construction is possible as by (2.13)
η has some regularity. Assume that throughout this entire interval we have
open intervals

Oj =
`

Qj(t0)− δ2, Qj(t0) + δ2
˘

and Ui =
`

qi(t0)− δ2, qi(t0) + δ2
˘

,

with δ2 chosen such that all of the closures of these n + m open sets are
disjoint, if we happen to have intersections of q’s and/or Q’s we just shift
slightly. Now take γ to be a bump function that is 1 on the interior of It0
and zero outside its complement. And let γi(q) be a bump function that
is 1 on Ui and zero on all the other Uj and O′ks. We can then define the
following functions δh : R/Z× R→ R;

δh(t, q) =

n∑
i=1

ηi(t0)γ(t)γi(q) · q.

It is clear that this function is smooth and compactly supported, and has
support that stays away from Qj . As such δh ∈ Vε for the right choice of
δ1, δ2. Furthermore note that;

∇δh(t,q) = η(t0)γ(t).

And we obtain finally

〈η,∇δh(t,q)〉 =

∫ 1

0

〈η(t), γ(t)η(t0)〉 dt =

∫ t0+δ1

t0−δ1
〈η(t), η(t0)〉 dt > 0.

Which gives us a contradiction with (2.14). This means dF is surjective
on Z. Finally note that dFh(q) being surjective is equivalent with it being
injective due to the fact that it is a self-adjoint operator. So if dF is sur-
jective it corresponds to non-degeneracy of the solutions. As such we can
invoke Theorem 2.5.1 to show that the perturbations of our potential func-
tion that give only non-degenerate critical points are dense in the set of all
perturbations.

2.6 Transversality of connecting orbits

We want to show that generically all connecting orbits of (Hg) are non-
degenerate. As mentioned before we show this in two steps. The first step
is due to the authors of [29]. A certain type of automatic transversality re-
sult is shown. It turns out that connecting orbits between stationary points
of different Morse indices, or equal but odd Morse indices will always be
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non-degenerate. After a small modification we can apply these results. The
authors also show that generically (with respect to non-linearities that de-
pend on both position and velocity) there cannot exist connecting orbits
in the remaining case of equal, even indices. We cannot apply this result
however. The problem is that the generic perturbation may break the 1-
periodicity of the non-linearity. Nonetheless we show that we still have
generic transversality, if we enlarge the class of perturbations (generic when
adding an arbitrarily small g-term).

2.6.1 Automatic transversality of connecting orbits

We define the following subspaces of N a
g (see (2.10)).

Definition 2.6.1. Let q−,q+ ∈ Crit V ([q] rel Q). Then define the space of
connecting braid orbits

Ng(q−,q+; [q] rel Q, V ) = {u ∈ N a
g : lim

s→±∞
u(s) = q± and u(s) ∈ [q] rel Q}.

For some a large enough so that all bounded solutions u satisfy LV (u(s)) ≤ a
(cf. Lemma 2.4.5).

We abuse notation and call these spacesNg(q−,q+) if it is clear for which
fiber and which potential we are considering the space. For connecting orbits
we have to use a slightly different notion of non-degeneracy than in the case
of critical points.

Definition 2.6.2. Let V be such that LV is Morse and g ∈ C∞c (R/Z×R×
R). Furthermore let v ∈ Ng(q−,q+), we say that u is non-degenerate if the
linearised heat equation,

Luξ := Ξξ−∇V (t,u(s))ξ−∇ug(t,u(s),ut(s))ξ−∇utg(t,u(s),ut(s))ξt,

is surjective as an operator from H1,2
τ → L2.

We can give an alternative definition of non-degeneracy by looking at
our system from a dynamical and geometrical point of view. Recall that
Ψ0 denotes the forward flow defined by (H0). Let q0 ∈ Crit V ([q] rel Q)
be a non-degenerate critical point. Then we define the stable and unstable
manifold of q0.

W s(q0) := {q ∈ H2
τ : lim

s→∞
Ψ0(s)q = q0}.

Wu(q0) := {q ∈ H2
τ : there exists a solution such that

u : (−∞, 0]× R/Z→ Rn of (H0) for which lim
s→−∞

u(s) = q0}.

(2.15)
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Standard results, [28] for example, tell us that these are embedded sub-
manifolds with codimW s(q0) = β(q0), and dimWu(q0) = β(q0).

Definition 2.6.3. We say that two submanifolds N1, N2 ⊂ M intersect
transversally at a point p ∈ N1 ∩N2 if

TpN1 + TpN2 = TpM.

Proposition 2.6.4. Let V be so that LV is Morse, q1,q2 ∈ Crit V ([q] rel Q)
and u ∈ Ng(q−,q+). Then Lu is surjective, if and only if Lu restricted to
every different braid components is surjective.

Now we can use an automatic transversality result from [29]. Only in
one case we cannot show automatic transversality and we need to resort to
a small perturbation g to make things generically transverse.

Theorem 2.6.5. Let V ∈ V Morse, q−,q+ ∈ Crit V ([q] rel Q) such that
either,

i) β(q−) 6= β(q+) or

ii) β(q−) = β(q+) = 2n− 1, for some n ∈ N.

Then every u ∈ N0(q−,q+) is non-degenerate.

Proof. Assume w.l.o.g that q has a single braid component (by Proposition
2.6.4). Consider the periodic extension ui with period n. Then ui is an n-
periodic scalar connecting orbit between two n-periodic critical points q+,i

and q−,i. We also have

β(q+) = β(q+,i) and β(q−) = β(q−,i).

We can now apply the results of [29, Theorem 1.4(i)] to give our automatic
transversality. The non-bold β is the classical Morse index used in [29].

Remark 2.6.6. Note that [29] is a more general setting but for automatic
transversality this does not matter, as the potential function stays unper-
turbed keeping the 1-periodicity in tact. For the last case of connecting
orbits between critical braids with the same even index we cannot use the
genericity result of [29] as it may break the 1-periodicity, in relation to the
n-periodicity of the solutions. This would destroy the braid-structure of the
equations.
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2.6.2 Generic transversality of homo-indexed orbits

To show generic transversality we notice that we need to make sure no homo-
indexed connecting orbits can occur. Here we introduce an ε-small pertur-
bation in the C∞-norm outside of the class of gradient systems. In order to
show the generic transversality of connecting orbits between two stationary
braids with the same even index we will need a property of scalar parabolic
equations, namely the relation between the Morse index and the number of
sign changes of a function (denoted with z(·)). By Proposition 2.6.4 we may
assume we are only dealing with indecomposable braid classes.

Proposition 2.6.7 (Theorem 3.2 in [29]). Let e be an equilibrium with
β(e) = 2k of the scalar parabolic equation with periodic boundary conditions

us = utt + f(t, u, ut), t ∈ R/Z, s ∈ R≥0.

Then we get that

i) for any u0 ∈W s(e)− {e}, z(u0 − e) ≥ 2k and

ii) for any u0 ∈Wu(e)− {e}, z(u0 − e) ≤ 2k.

This theorem tells us that even though we may not be able to deduce
automatic transversality we still get a lot of structure in the solutions. The
majority of the results follow from the asymptotic behaviour of the connect-
ing orbits (Appendix C of [29] is dedicated to this theory).

Lemma 2.6.8 (Proposition 3.6 in [29]). Let q1,q2 ∈ Crit V ([q] rel Q) with
β(q1) = β(q2) = 2k, and σ([q] rel Q) indecomposable. Furthermore let u be
a connecting orbit between q1 and q2. Let ui be a strand of u (considered
as a k-periodic function). Then the following map is one-to-one for (τ, s) ∈
R/kZ× R:

(τ, s) 7→
`

τ, ui(τ, s), uit(τ, s)
˘

.

A immediate consequence of Lemma 2.6.8 is that there is injectivity of
strands. In other words for every strand ui, we get that
(s, t) 7→ (t, ui(s, t), uit(s, t)) is injective. However we also want that two
different strands have this kind of injectivity. We need another theorem
from [29] based on a lap number argument for parabolic equations.

Proposition 2.6.9 (Theorem 2.1 in [29]). Let u1 and u2 be non-identical
solutions of

us = utt + f(t, u, ut), for t ∈ R/Z and s ∈ (0, S).
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then the number of sign changes z(u1(s) − u2(s)) cannot increase as s in-
creases. Furthermore it decreases at s0 if and only if t 7→ [u1−u2](s0, t) has
a degenerate zero.

Lemma 2.6.10. Let u be a connecting orbit between q− and q+. Then for
each pair of strands j > k we have that for all t0 and s0, s1 if uj(s0, t0) =
uk(s1, t0) then ujt (s0, t0) 6= ukt (s1, t0).

Proof. The idea is to apply Proposition 2.6.9 twice. For the first consider
the the periodic extension of a strand u, ui and the k − j-shifted extension

rui(s, t) := ui(s, t+ j − k).

Note that because of the 1-periodicity of the non-linearity, ui and rui satisfy
the same parabolic equation, so we can apply Proposition 2.6.9 to obtain
that the number

z([rui − ui](s, ·)) (2.16)

is non-increasing. Furthermore by the braid property of u(s, ·) we get that
t 7→ rui(s, t)−ui(s, t) will only have simple zeros, as such we know that (2.16)
is constant along s. This gives the following asymptotic equality,

z(rqi+ − qi+) = z(rqi− − qi−). (2.17)

Now assume without that we can find an s0 and a t0 such that rui(s0, t0) =
ui(s0, t0) and ruit(0, t0) = uit(s0, t0). The fact that our equation is autonomous
will force

rui(s− s0, t− t0)− ui(s, t− t0),

to satisfy the lap number property of Proposition 2.6.9, and the assumption
implies we have a double zero and as such a drop in z(rui(s− s0, ·)− ui(s, ·))
at s = s0. However this implies the asymptotic inequality,

z(rqi+ − qi+) < z(rqi− − qi−).

This contradicts (2.17).

This injectivity plays a big role in the proof of Theorem 2.6.12. It takes
the form of the following lemma.

Lemma 2.6.11. Let [q] rel Q be a proper relative braid class. And let
q+,q− ∈ Crit V ([q] rel Q) with β(q+) = β(q−) = 2k. And let u be a
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connecting orbit between q− and q+. Fix a point (s0, t0), then there exist
open sets It0 of t0 and U i ⊂ R2 open neighbourhoods of ui(s0, t0) such that

V0 := {(s, t) ∈ R× R/Z : (t,u(s, t),ut(s, t)) ∈ U0 := It0 ×
n∏
i=1

U i}

is embedded in U0. Additionally we can choose the open neighbourhoods such
that the only strand to ever pass through a neighbourhood U i is ui.

Proof. Without looking at smoothness (these will come from smoothness
of solutions of the heat equation). By definition of V0 the map (t, s) 7→
(t,u(s, t)) is surjective on its image. This map is injective by Lemma 2.6.8
and the final statement is essentially Lemma 2.6.10.

The above lemma plays a crucial role in the proof of the next theorem.

Theorem 2.6.12. Let V be such that LV is a Morse function on a proper
relative braid class fiber [q] rel Q. Then for all ε > 0 there exists a g ∈
C∞c (R/Z× R2), such that ‖g‖C∞< ε with the following properties,

i) The set of stationary solution of (Hg) coincides with the set of station-
ary solutions of (H0).

ii) All connecting orbits v ∈ Ng(q−,q+) are non-degenerate.

Definition 2.6.13. A pair (V, g) that satisfies the properies described above
will be called admissible or a Morse-Smale pair.

This theorem could be summarized as follows. There exists a C∞-small
perturbation g that does not change any of the critical braids but makes
sure that there cannot exist connecting orbits between two critical braids
of equal even index (we can say this because all other connecting orbits
are automatically non-degenerate). The permutation g breaks equal index
connecting orbits hence proving transversality.

Proof of Theorem 2.6.12. The proof is very similar to the proof of Theorem
2.5.3. We will use Theorem 2.5.1 to show that that for a dense subset in
B the operator dFb(a) is surjective (and Fredholm), which means that the
zero set is a manifold by the implicit function theorem of dimension equal
to the index of dFb(a). This will show that after a possible perturbation the
connecting orbit will be non-degenerate. Then it follows immediately that
in fact there can be no such orbit. We start from the gradient system given
by the Morse function LV . First we will want to make sure our perturbation
stays away from all the stationary braids. We will show the result for one

57



CHAPTER 2. BRAID MORSE HOMOLOGY

pair of critical braids (q−,q+) with β(q−) = β(q+) = 2k. Let {qi} be the
collection of all strands in either q− or q+. Define

I ′ε := {(t, q, r) ∈ R/Z× R2 :
b

|qi(t)− q|2+|qit(t)− r|2 < ε for some i = 1, . . . , N}. (2.18)

This set non-empty, and a disjoint union of tubes, since qi is a finite list and
no two strands of any critical braid can have a non-transverse intersection
as it implies the whole strand is equal by uniqueness of solution to an initial
value problem.

Now recall (2.12) and set

U ′ε :=
{
u ∈ H1,2

σ : u(s) ∈ Uε
}
, (2.19)

Uq−,q+

ε :=

{
u ∈ U ′ε : lim

s→±∞
u(s) = q±

}
, (2.20)

V ′ε := {g ∈ C∞(R/Z× R2) : supp(g) ∩ I ′ε = ∅}.

Once again we somehow want our variations to be very small, so the final
set of variations will be

V ′ε,δ := {g ∈ Vε : ‖g‖C∞< δ}. (2.21)

We have now what it takes to define the smooth mapping F : Uq−,q+

ε ×
V ′ε,δ → L2(R× [0, 1];Rn);

F(u, g) := us − utt + u−∇V (t,u)− g(t,u,ut). (2.22)

So in order to apply Theorem 2.5.1 we must show dFg(u) is Fredholm on
points (u, g) ∈ F−1(0) =: Z, and that dF(u, g) is surjective for all points in
Z. Before we continue note that

dFg(u)ξ = ξs − ξtt +
`

1− d2V (t,u)−∇ug
˘

ξ − p∇utgq ξt, (2.23)

Also we have

dFu(g)δg = δg(t,u,ut). (2.24)

Furthermore we can split the operator

dF(u, g)(ξ, δg) = dFg(u)ξ + dFu(g)δg.
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I. Fredholm property In order to show that the linear operator dFg(u) is
Fredholm we will use the theory constructed in [39]. We must first write

A(s) = ∂tt −
`

id− d2V
˘

and we write

K(s) = ∇ug ·+∇utg
∂

∂t
,

so that dFg(u) = ∂s −A(s) +K(s). Then [39] states that it suffices to show
the following to conclude dFg(u) is Fredholm;

i) H2
τ ↪→ L2 is compact with dense image.

ii) The operator A(s) : L2 → L2 is unbounded and self-adjoint.

iii) The norm of H2
τ is equivalent to the graph-norm of A(s).

iv) s 7→ A(s) is differentiable with respect to the weak operator topology.

v) There exist invertible limits of A(s) for s→ ±∞.

vi) K(s) is compact for all s ∈ R.

Note that i)-v) are needed to make ∂s − A(s) Fredholm and vi) makes the
whole a compact perturbation of a Fredholm operator (and once more Fred-
holm). i) and ii) are standard results in Sobolev space theory. For iii) we
have the following inequalities (norms without index are L2 norms) for all
q ∈ H2

τ .

‖q‖2H2
τ
≤ ‖A(s)q‖2+‖q‖2

‖A(s)q‖2≤ ‖qtt‖2+(1 + C)‖q‖2≤ (1 + C)‖q‖2H2
τ
.

Here C is the maximal value |∂αui| can take for |α|≤ 2. Property v) follows
since the map s 7→ A(s) is continuous we can just see that A(±∞) = L0

q±

which was injective since we assumed V to be Morse. Next iv) holds as the
map is differentiable with respect to the operator norm, which follows from
v being smooth. And finally if we see K(s) as an operator from H2

τ → H1
τ

composed with the compact inclusion H1
τ ↪→ L2([0, 1];Rn).

II. Surjectivity. If we want to show surjectivity of dF on Z it suffices to
show that dF(u, g) has a trivial annihilator. Assume that this is not the
case, and let η ∈ L2 be non-zero such that;

〈dF(u, g)(ξ, δg), η〉 = 0, (2.25)
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for all (ξ, δg) ∈ T(u,g)Z. We can see the operator dF(u, g) as follows;

dF(u, g)(ξ, δg) = dFg(u)ξ + δg(t,u,ut).

Note that equation 2.25 implies that both parts of dF have to be annihilated,
and as such we have

〈dFg(u)ξ, η〉 = 0. (2.26)

Which implies (by non-degeneracy of inner product and regularity proper-
ties) that η satisfies the PDE,

−ηs − ηtt +
`

1− d2V −∇ug
˘

η +∇utg · ηt = 0. (2.27)

Now first of all, since η is the solution of the adjoint linear heat equation
it follows that η is as smooth as we like (see for instance [28] for more on
adjoint equations of sectorial operators). Additionally it allows us to talk
about forward and backward uniqueness, and the isolation of all the zeros,
which means that since we know η 6= 0, we know that η(s, t) 6= 0 almost
everywhere. See [28] for a full coverage of these parabolic equations.

We now want to show that η and ∂su are both linearly independent and
linearly dependent, which is of course a contradiction.

(a) Linear independence: First of all note that since u is a zero of F , ∂su
satisfies

(∂su)s − (∂su)tt +
`

id− d2V (t,u)−∇ug(t,u,ut)
˘

∂su−
∇utg(t,u,ut)(∂su)t = 0. (2.28)

Using this identity and (2.27) we see that ∂s 〈η, ∂su〉 = 〈∂sη, ∂su〉+〈η, ∂s∂su〉 =
0. And since

∫∞
−∞ 〈η(s), ∂su(s)〉H2

σ
ds <∞, since both ∂su and η are bounded

solutions. We obtain: 〈η, ∂su〉 = 0, and as such we have linear independence
of η and ∂su.

(b) Linear dependence: Now to show linear dependency we want to see that
if ∂su and η are linearly independent we can construct a δg : R/Z×R2 → R
such that,

〈η, δg(t,u,ut)〉 > 0.

This is in contradiction with (2.26), and as such ∂su and η can not be linearly
independent. We will use bump functions to construct δg. First of all we
choose a point (s0, t0) such that in an open neighbourhood η(s0, t0) 6= 0,
and also such that we can find the open sets Ui around (ui(s0, t0), uit(s0, t0))
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that are disjoint for different i, finally let It0 be an open set of t0 in R/Z.
And let V0 be as in Lemma 2.6.11, and call the embedding of V0 into U0, we
will call it φ : (s, t) 7→ (t,u(s, t)). Now let rU0 and rV0 be smaller open sets

that are still embedded via φ. And let rUi be the projections of rU0 on the
different coordinates. In summary:

i) (t0,u(s0, t0),ut(s0, t0)) ∈ rU0 ⊂ U0 = It0 ×
∏n
i=1 Ui ⊂ R/Z× R2n.

ii) (s0, t0) ∈ rV0 ⊂ V0 ⊂ R× R/Z.

iii) (t0, u
i(s0, t0), uit(s0, t0)) ∈ rUi ⊂ Ui ⊂ R2.

Now let us define δg on It0 ×
´⋃n

i=1
rUi

¯

, since all of the rUi are disjoint

it suffices to consider δgi : It0 × rUi → R, we define it as such,

δgi(t, p, q) = ηi ◦ φ ◦ ιi(t, p, q),

where ιi is the inclusion into the i-th pair of coordinates.

Then setting δg(t, q, p) =
∑n
i=1 δg

i(t, p, q) on It0 ×
´⋃n

i=1
rUi

¯

and zero

everywhere outside of It0 ×
⋃n
i=1 Ui we get for (s, t) ∈ĂV0:

δg(t, ui(s, t), uit(s, t)) = ηi(s, t)

and as such for some positive function β that is zero outside V0

〈η, δg(t,u,ut)〉 = 〈η, βη〉 > ‖η|
rV0
‖2> 0.

A similar proof can be found in [50].

Remark 2.6.14. Note that we have only made sure that for a particular
pair (q−,q+) of equal, even Morse index we can make the connecting orbits
non-degenerate. However since there is only a finite number of critical braids
we obtain a residual set for each pair. Intersecting all of these produces once
more a residual set and gives us our result.

2.7 Moduli spaces

For any two stationary braids q−,q+ we will call the space of all connect-
ing orbits Ng(q−,q+) a moduli space. These moduli spaces have special
properties that will be integral in the definition of Braid Morse homology.
This section is dedicated to showing that these spaces will generically be
manifolds and satisfy certain compactness properties.
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2.7.1 Manifold structure of moduli spaces

Moduli spaces can be characterised as zero sets of certain Banach operators.
Since all the elements of these spaces will be (generically) non-degenerate,
standard results tell us that these moduli spaces will in fact be manifolds.
We get the following proposition.

Proposition 2.7.1. Let (V, g) be a Morse-Smale pair. Then for all q−,q+ ∈
Crit V ([q] rel Q) the space Ng(q−,q+) is a manifold of dimension β(q−)−
β(q+).

Proof. If we take another look at the proof of Theorem 2.6.12, we can see that
the moduli spaces are zero sets of a Fredholm map that is also a submersion.
The implicit function theorem for Banach manifolds now tells us that this
makes the moduli space a manifold of dimension equal to the Fredholm
index. Additionally we can see that the moduli space is an intersection of
Wu(q−) and W s(q+). Counting dimensions will then give us the result.

2.7.2 Compactness of moduli spaces

The next step in the construction of a homology theory is to show that the
moduli spaces defined above satisfy a compactness property. As a result
connecting orbits between given stationary braids are ‘countable’. Through-
out this section assume our non-linearity is Morse-Smale. Proposition 2.3.8
states that that the number of intersections in braid diagrams decrease as
s increases. This induces an isolation property which leads to the following
compactness result.

Theorem 2.7.2. Let [q] rel Q be a proper braid class fiber. Then Ng([q] rel Q)
is compact in the compact-open topology.

Proof. Assume the braid q has a single braid component. Let un be a se-
quence of solutions in Ng([q] rel Q). By the uniform bounds given in Propo-
sition 2.4.6 all un ∈ N a

g for some a ≥ 0. By Theorem 2.4.7 we get that un
(after passing to a subsequence) must converge in Crloc to a solution in N a

g .
Denote the limit u(s). Now we need to prove that u(s) ∈ [q] rel Q for all
s ∈ R. It is clear that u(s) ∈ cl([q] rel Q) for all s ∈ R since it is a limit
point. Assume u(s0) ∈ Σ([q] rel Q) for a certain s0, then since [q] rel Q is
proper this means that u(s0) ∈ Σ+([q] rel Q). As such we can find a t0 and
k, k′ such that

uk(s0, t0) = uk
′
(s0, t0) ukt (s0, t0) = uk

′

t (s0, t0).
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If they intersect anywhere else in a ball around (s0, t0), they will intersect
transversally. This means that there exists an ε > 0 such that

I (u(s0 − ε)) > I (u(s0 + ε)),

since the number of crossings can only u(s0 + ε) are in [q] rel Q. And I is
constant on relative braid class fibers. Hence we have a contradiction.

Since the bounded solutions of the perturbed heat equations cannot be
periodic it follows that all the bounded solutions are connecting orbits be-
tween stationary braids. This is summarised as follows,

Lemma 2.7.3. Let (V, g) be a Morse-Smale pair. Then the following holds:

Ng([q] rel Q) =
⋃

q,r∈Crit V ([q] relQ)

Ng(q, r).

Proof. The inclusion Ng ⊃ Ng(q, r) is clear as LV is bounded on all connect-
ing orbits and finite number of critical braids. The other inclusion follows
from Lemma 2.4.11 and non-degeneracy of connecting orbits.

We have seen that the space of bounded solutions is compact in the
compact-open topology. We need slightly more specific type of convergence
though.

Theorem 2.7.4 (Geometric convergence). Let (uk)k∈N ⊂ Ng(q−,q+) then
there exists q− = qm,qm−1, . . .q0 = q+ stationary braids and a sequences
of times (sik)k such that there is a subsequence (uk):

uk(·+ sik, ·)→ ui.

And ui ∈ Ng(qi,qi−1), with β(qi−1) < β(qi).

Proof. Since there are only a finite number of stationary braids there are
only a finite number of values of LV on these points. Choose an ε > 0
such that |LV (q−)−LV (q+)|> 2ε or the values are equal (we cannot make
sure the values are all distinct, but we know there cannot exist connecting
orbits between critical points of equal LV -value. As such this fact will not
be important. Now for each i consider the following time

s1i := sup{s ∈ R : |LV (ui(s, ·))−LV (q+)|> ε}.
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q−

q+

q−

q+ q+

q−

rxy

Figure 2.4: Two breakings that are allowed, and one that is not

we can see that since ui is a connecting orbit to q+ all these s1i < ∞.
Consider now the sequences

u∗i := ui(·+ s1i , ·).

Now this sequence uk must have a convergent subsequence that converges
to a u1 ∈ Ng([q] rel Q). We know by definition of s1i that |LV (u1(s, ·)) −
LV (q+)|≤ ε for all s ≥ 0. Which means that by Lemma 2.7.3 there exists a
r ∈ Crit V ([q] rel Q) such that u1 ∈ Ng(r,q+). Now if r = q− we are done.
As such we will suppose not and continue by an induction argument. Assume
we have found the sequences sjk and uj ∈ Ng(qj ,qj−1) for j = 1, . . . ,m− 1,
such that (after passing to a subsequence)

uk(·+ sjk, ·)→ uj ,

where qm−1 6= q−. Now choose a s∗ > 0 with the property that for all
s ≤ −s∗ we have LV (um−1(s, ·))−LV (qm−1)|< ε then we know for k large
enough that also LV (uk(sm−1k − s∗, ·)) − LV (qm−1)|< ε. Now define the
next sequence of times

smk := inf{s ∈ R; s ≤ sm−1k − s∗ and

|LV (uk(σ, ·))−LV (qm−1)|< ε for all s ≤ σ ≤ sm−1k − s∗} (2.29)

this is essentially saying that smk is the value that makes the interval where
the value of uk is close to the stationary braid qm−1 the biggest. Note that
this value smk > −∞ since the functions uk all have to approach q− at −∞
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and we assumed q− 6= qm−1. Furthermore note that smk − s
m−1
k − s∗ goes to

∞ for k →∞ (you can see this by looking at smk − s
m−1
k ≤ σ− sm−1k ≤ −s∗.

And noting that if k → ∞ we know that by definition of s∗ the left bound
goes to −∞. Now looking at the next sequence and passing to a subsequence
we obtain,

u∗k := u(·+ smk , ·)→ um,

with um ∈ Ng(qm,qm−1) for qm 6= qm−1. This concludes the induction
step, and note that since all stationary braids are different we are done in a
finite number of steps.

It immediately follows from this theorem that if we have two station-
ary braids of index difference q−,q+ that the space Ng(q−,q+) is a one
dimensional manifold that is compact up to time-shifting. There is a free
R-action on moduli spaces, namely translation in time, this action is due to
our system being autonomous,

Lemma 2.7.5. There exists a free and proper R-action on Ng(r,q) by time
shifting:

s · u := u(·+ s, ·).

Proof. It is clear that this defines an action, assume this action is not free,
then we must have s1 < s2 such that

u(s1 + s, t) ≡ u(s2 + s, t).

But this means that u is periodic in s with period s2 − s1, which of course
is not possible, as LV is Lyapunov.

Now since Ng(q−,q+) is a one-dimensional manifold we can mod out the
R-action,

pNg(q−,q+) := Ng(q−,q+)/R.

This leaves us with a 0-dimensional, compact manifold, i.e. a finite number
of isolated points.

Definition 2.7.6. For two stationary braids of index difference 1 define,
n(q−,q+) = #xNg(q−,q+).

Note that this number n is counting the number of connecting orbits
between q− and q+.
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2.7.3 Gluing

In the last section we defined n(·, ·) as a way of counting the number of
connecting orbits between two stationary braids of index difference 1. This
will give rise to a differential in the algebraic topological way. In order to
show that this is actually a differential we must prove that the map squares
to 0. For this we will need the notion of gluing, this section is dedicated to
this topic and it deals with moduli spaces between stationary braids of index
difference 2.

Theorem 2.7.4 tells us that any sequence of orbits in a moduli space
Ng(r,q) with β(r)−β(q) = 2 has a subsequence which will either converge
to another element of Ng(r,q) or it will converge to a broken orbit (u1,u2)
with u1 ∈ Ng(r,x) and u2 ∈ Ng(x,q) for some β(r)− β(x) = 1.

Theorem 2.7.7. Let q−,q+ be such that β(q−)− β(q+) = 2, then
pNg(q−,q+) consists of finitely many connected components. The non-com-

pact components can be identified with (0, 1) and the compact ones with [0, 1]
or S1. The limits {0, 1} can be identified with two unique pairs of broken
orbits.

We know by Proposition 2.7.1 that pNg(q−,q+) is a one dimensional
manifold. Furthermore all the limits of sequences of connecting orbits are
either connecting orbits or a pair of broken orbits. We also know that the
limits correspond to pairs of broken orbits by Theorem 2.7.4. Hence to
prove the theorem we only need to show that there cannot exist two different
sequences converging to the same pair of breaking orbits. See Figure 2.4.
This type of uniqueness follows from the following lemma.

Lemma 2.7.8 (Gluing Lemma). Let q−,q+, r ∈ Crit V ([q] rel Q) with
β(q+) = β(r)− 1 = β(q−)− 2. Then there exists an R0 and an embedding,

# : pNg(q−, r)× [R0,∞)× pNg(r,q+)→ pNg(q−,q+).

It has the property that u#Rv → (u,v) as R → ∞, where (u,v) is the
broken orbit (in the sense of Theorem 2.7.4), and furthermore that no other
sequences outside of the range of # converge to (u,v).

This lemma and its proof are similar to the analogous result in the finite
dimensional case (see for instance [45], [53]). The only difference is that we
no longer have a flow, and as such no obvious λ-lemma. However in [55] the
author proves that there exists what he calls the backward λ-lemma.

Let us summarise some of the results of [55], first recall that close to the
critical point q we can find an open set O ⊂ [q] rel Q such that O such that
the semi-flow Φt on [q] rel Q is conjugate to some local semi-flow φt : O → O,
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recall also that we can split O into two parts for the positive and negative
eigenspace of Tq p[q] rel Qq, denote these spaces O− and O+. Next consider
the local stable and unstable manifolds of the point 0 (this corresponds to
q under the conjugacy) in O. Classic results from [28] tell us that (possibly
restricting to a smaller subset) these local manifolds are graphs of functions.
Another classic lemma is the following,

Lemma 2.7.9 (Forward λ-lemma). Let q ∈W s
O(0)−{0} for q a stationary

braid and let Du be a disk in X− of dimension β(q) transversal to W s
O(0).

Then for every ε > 0 there exists a time t0 such that for all t ≥ t0 the disks
φt(D

u) are ε-close to Wu
O(0) in the C1-norm. To ensure we do not exit the

neighbourhood we may need to make the original disk smaller.

As mentioned before we want to have a similar result where we inter-
change the roles of stable and unstable in the lemma. The problem is that
we have no well-defined flow backwards, this makes it impossible to apply
the λ-lemma directly. This is where a result by Weber [55] comes in. In
order to use this theorem we will need to perturb our setting slightly. First
of all after the right diffeomorphism we may assume that U is of the form
U = Wu × O+, here Wu = Wu(q) ∩ {z : LV (z) > LV (q)− δ}, with δ > 0
small enough so that Wu ⊂ X−. And O+ is an open ball around 0 in X+.

Proposition 2.7.10 (Backward λ-lemma [55]). Let γ ∈ Wu, then there
exists a ball B+ ⊂ X+, a T0 > 0 and a Lipschitz map G : (T0,∞)× B+ →
Wu ×B+, such that

(T, z+) 7→ (GT (z+), z+),

where ΦT (GT (0)) = γ and the image converges to the graph of the local stable
manifold for T →∞ in a C1-sense.

Replacing the role of the standard λ-lemma with the forward and back-
ward λ-lemma the standard proof of the Gluing lemma can be used (see
Figure 2.5 for a graphical depiction of the Gluing lemma). Now we combine
these results to prove the gluing lemma. The idea is to look at a disk Du

transversal to the intersection of the stable manifold of q and the unstable
manifold of r and a disk Ds transversal to the intersection of the stable
manifold of r and the unstable manifold of q. Now flowing Du forward, and
looking at pre-images of Ds under the flow (in the setting of Theorem 2.7.10)
these will eventually have a unique intersection point rt.

Sketch of gluing lemma. Let u1 ∈ Ng(q−, r) and u2 ∈ Ng(r,q+), then we
know for s big enough u(s) will be close to q+ in the C1-sense, and as such
we may assume u(s) ∈ V for s ≥ S0, with S0 large enough. Now we know
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that u1(s) ∈ W s(r) ∩Wu(q−), and in the neighbourhood O we can find a
S1 > S0 such that there is a disk Du ⊂ Wu(q−) of dimension β(q−) − 1
such that it intersects transversally with W s(r) at u(S1). Consider the same
construction for u2, where we look at S2 > 0 such that u2(−S2) is close
enough to r so that it is in O for all s < −S2. Once more we have that we
can find a disk Ds ⊂W s(q+) of co-dimension β(q+)−1, so that it intersects
transversally with Wu(r) in u2(−S2). Now using the λ-lemmas we can flow
Du forward in time, and we can consider the pre-images of Ds under the
flow. Now since the interesting parts of the orbits of u1 and u2 are near r
we will switch to local coordinates and assume O = O− ×O+. The lemmas
tell us that for every ε we have a time Sε such that

i) Φs(D
u) is ε close to Wu

O(0) in the C1-norm for s ≥ Sε.

ii) Φ−1s (Ds) is ε close to W s
O(0) in the C1-norm for s ≥ Sε.

As such we can find diffeomorphisms ψs : O− → Φs(D
u) and γs : O+ →

Φ−1s (Ds), with the property that all of the following inequalities are satisfied:

i) ‖(q, 0)− (ψus (q), ψss(q))‖O< ε,

ii) ‖(0, p)− (γus (p), γss(p))‖O< ε,

iii) ‖(id, 0)− (dψus (q), dψss(q))‖L∞< ε,

iv) ‖(0, id)− (dγus (p), dγss(p))‖L∞< ε.

Now for ε small enough (and hence Sε large enough) ψs and γs are invertible

maps. This means we can consider Ψs(q) = ψss ◦ pψus q
−1

(q) and Γs(p) = γus ◦
pγssq

−1
(p). Now for s large enough Φs(D

u) is given by the graph {(q,Ψs(q) :
q ∈ O−} and Φ−1s (Ds) is given by the graph {(Γs(p), p) : p ∈ O+}. Now
we use the Banach fixed point theorem to show that there exists a (unique)
fixed point of the map Γs ◦ Ψs : O− → O− (the bound on the derivative
comes from the fact that we are ε C1 close to the identity). Let us call this
fixed point Qs, then we see that Qs converges to 0 since it converges to
W s
O(0) ∩Wu

O(0) = 0, furthermore Qs ∈W s(q−) ∩Wu(q+). As such we can

construct a sequence of unique points Qs in pNg(q−,q+), that converges to
the broken orbit (u1,u2) and we have proven the gluing lemma. For a more
detailed description of the proof see [53]).
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V

q

Ng(p, q)

Ng(q, r)

s = S1

Du

ΦS∗(D
u)

DsQS∗

Φ−1S∗ (Ds)

s = −S2

Figure 2.5: Graphical depiction of Lemma 2.7.8 for the construction of QS∗

2.8 Homology

All of the ingredients for the homology are in place, so we can now show
existence of the Morse homology of the heat flow on braid classes. We shall
proceed in a few steps making sure within each step everything is defined.

2.8.1 Definition of the homology

Definition 2.8.1. Let (V, g) be a Morse-Smale pair. Then define the free
Z2-modules,

Ck([q] rel Q, (V, g)) :=
⊕

q∈Crit V ([q] relQ),β(q)=k

Z2q.

Recall from Definition 2.7.6 that n(q−,q+) is the number of connecting
orbits for β(q−)− β(q+) = 1.

Definition 2.8.2. Define a boundary operator on the chain groups, ∂k :
Ck([q] rel Q, (V, g))→ Ck−1([q] rel Q, (V, g));

∂kq :=
∑

β(r)=k−1

n(q, r) · r.

Lemma 2.8.3. (C?, ∂?) is a chain complex, i.e. ∂2 = 0.
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[q] rel Q

s =∞s = −∞

q−∞

q∞

s = −R s = R

Figure 2.6: A solution in the time-dependent moduli space

Proof. The trick here is to see that if a connecting orbit with index difference
2 breaks up (see Theorem 2.7.7) it breaks up in pairs {0, 1} or it will not
break (corresponds to S1) in which case it is not counted. So modulo 2 it
will result in zero.

Now that the chain groups are in place we can define the homology.

Definition 2.8.4. We define the k-th Braid Morse homology groups as

HMk([q] rel Q, (V, g)) := ker ∂k/im ∂k+1.

The whole complex HM?([q] rel Q, (V, g)) will henceforth be called the Braid
Morse Homology.

2.8.2 Invariance of potential

What we have determined now is that the Braid Homology is a topological
measuring tool that assigns an algebraic object to a braid class fiber together
with a pair of non-linearities. Our goal however is to have something that
is in fact an invariant for the braid class fiber by itself, in other words that
it does not depend on the non-linearity and is in fact a purely topological
invariant. This section is dedicated to showing this.

Definition 2.8.5. We say that two Morse-Smale non-linearities (V0, g0)
and (V1, g1) are homotopic if there exist continuous functions H : R/Z ×
R × [0, 1] → R and G : R/Z × R2 × [0, 1] → R such that H(·, ·, i) = Vi,
G(·, ·, ·, i) = gi for i = {0, 1}

Let (V0, g0) and (V1, g1) be two homotopic Morse-Smale pairs. We de-
fine a continuous path s 7→ (V, g)(s) such that ∂s(V, g)(s) = 0 for |s|> R.
Furthermore V (−R − 1) = V0 and V (R + 1) = V1. The idea is now to
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consider (Hg) using these time-dependent non-linearities. We define the fol-
lowing space in analogy of the spaces of connecting orbits for the autonomous
system.

Definition 2.8.6. Let V and g be defined as above. Then for q−∞ ∈
Crit V0

([q] rel Q) and q∞ ∈ Crit V1
([q] rel Q) we define the space

Ng(q−∞,q∞; (V, g)) :=

{u solution of the non-autonomous equations (Hg) :

lim
s→±∞

u(s) = q±∞}. (2.30)

Going through the previous sections again, taking into account the time-
dependency we get the following theorem.

Theorem 2.8.7. Let q−∞ ∈ Crit V0
([q] rel Q) and q∞ ∈ Crit V1

([q] rel Q).
Then the space of orbits Ng(q−∞,q∞; (V, g)) is (generically with respect to
the path of non-linearity) a manifold of dimension β(q−∞) − β(q∞). Fur-
thermore we get the same kind of geometric convergence as in Section 3.

Proof. For the compactness note that even though there is a time depen-
dency, there is really only a compact interval [−R,R] for which s plays a role
in the non-linearity. As such we can still find uniform bounds and therefore
have convergence on compact intervals (consider Figure 2.6, the blue and
red parts of the solution coincide with standard solutions, as such these are
uniformly bounded. The blue part however is only defined on a compact
interval [−R,R] and as such has uniform bounds as well. The entire solu-
tion is now bounded by taking the max of all of these bounds). As for the
generic transversality of connecting orbits (note that these are necessary for
the space of connecting orbits to be a manifold), we can apply the same proof
as in Theorem 2.6.12 (note that we no longer get automatic transversality
as this requires fully autonomous systems).

This then gives us a relation on the level of homology.

Theorem 2.8.8. Let (V, g) and (V ′, g′) be two homotopic admissible non-
linearities that are Morse-Smale. Then we have a homomorphism,

HM?([q] rel Q; (V, g))→ HM?([q] rel Q; (V ′, g′)).

Proof. First of all denote the homotopy (V λ, gλ) and let λ(s) be some smooth
function with λ(R) = [0, 1], λ(s) = 0 for s ≤ −R and λ(s) = 1 for s ≥ R
for some R. Then consider the non-autonomous equation with the time
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dependent non-linearity (V λ(s), gλ(s)). If β(q−∞) = β(q∞) we can define
an integer

m(q−∞,q∞) := #Ngλ(s)(q−∞,q∞;V λ(s)),

this is 0-dimensional and compact by Theorem 2.8.7. This now defines a
map h? : C?([q] rel Q; (V, g))→ C?([q] rel Q; (V ′, g′)) given by

h
(V,g),(V ′,g′)
k q =

∑
r∈Crit∞k

m(q, r)r.

By standard gluing arguments this is a chain map and hence gives a homo-
morphism h? on the level of homology. See for instance [50].

2.8.3 Invariance of homotopy

In the last subsection we have shown that homotopic non-linearities produce
the same homology groups. However we have still chosen a homotopy. To
really conclude that the homology groups do not depend on the choice of non-
linearity we must see that it is also independent of the choice of homotopy.

Theorem 2.8.9. The homomorphism of Theorem 2.8.8 is independent of
the choice of homotopy.

This once more is a standard result in Floer homology, where one adds
a ‘homotopy between homotopies’. If we call γ the homotopy parameter
between the homotopies. In other words we obtain a non-linearity for every
value of [0, 1]2. Now we once more make the non-linearity time dependent
to deal with the original homotopy parameter λ. To use the µ parameter we
will consider for γ ∈ [0, 1],

us = utt − u + V γλ(s)(t,u) + gγλ(s)(t,u,ut). (2.31)

And the moduli spaces,

N := {(γ,u) such that u is a solution of (2.31) for γ}. (2.32)

Now we can once more see that N is the zero set of a Fredholm operator
and that it has the appropriate compactness results.

Remark 2.8.10. Since the homomorphism is independent of choice of ho-
motopy we can for any given (V, g) and (V ′, g′) and a homotopy between
the two, compose the homotopy with the ‘γ-reverse’ homotopy. This re-
sults in a homotopy from (V, g) to itself. Another homotopy between (V, g)
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and itself is the constant one. This hows that on the level of homology the
original induced homomorphism between the system (V, g) and (V ′, g′) is an
isomorphism (since it is invertible and a homomorphism). The Braid Morse
homology is invariant of the choice of non-linearity and only depends on the
braid class fiber [q] rel Q, i.e. we can define for a generic choice of (V, g);

HM?([q] rel Q) := HM?([q] rel Q; (V, g)).

Theorem 2.8.11. Let [q] rel Q and [q′] rel Q′ be two fibers in [q rel Q]. Then

HM?([q] rel Q) ∼= HM?([q
′] rel Q′).

Proof. This theorem is essentially the proof of Theorem 10.7 in [50] using
Lemma 2.3.4 instead of Lemma 10.6 of [50].

Remark 2.8.12. If we summarize this section into one statement we can
see that HM?([q rel Q]) is a well-defined object, independent of the choice
of non-linearity and of the choice of fiber.
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CHAPTER 3

BRAID MORSE AND BRAID
FLOER HOMOLOGY

3.1 Introduction

The relation between topology and dynamical system has been extensively
studied in the last few decades. Morse theory is an early example, which has
uncovered unexpected connections between dynamics and topology. More
recently the Arnold conjecture has been the subject of many studies. It has
for instance instigated the theory of Floer Homology, a version of infinite
dimensional Morse homology for the loop space of a symplectic manifold.
On this infinite dimensional space an action functional is defined. This is
done in such a way that the critical points are exactly periodic solutions for
the Hamiltonian system. Rather than the conceptually easy Morse indices
to grade the critical points of a Morse function a different type of indexing
is used in Floer theory ( [14], [18], [19] and [42]). This index is called the
Conley-Zehnder index (see for instance [14], [38] and [39]). The Floer ho-
mology is a topological invariant that encompasses information about the
number of periodic solutions of the Hamiltonian equations, their Conley-
Zehnder index and the number of Floer cylinders between them. The result-
ing invariant is independent of the choice of Hamiltonian and turns out to be
robust under (big) perturbations. This is known in the literature as continu-
ation. Through continuation some Floer homology groups can be computed.
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However, continuations that accomodate computation are not readily avail-
able in general. Hence, for most symplectic manifolds computing the Floer
homology is a complicated if not impossible task.

More recently in [50] the authors have applied the theory of Floer ho-
mology to certain spaces of braids. A braid x is a collection of functions
x : [0, 1] → D with certain permutation boundary conditions. They also
adhere to a braid condition, namely if we put all the strands into the same
diagram in [0, 1] × D2, then the strands do not intersect. A relative braid
is a braid where each strand has one of two colours, in such a way that
the strands of the same color form a (smaller) braid by themselves. Note
that this is a condition on the permutation at the boundary, see Section 2.1
for more details. When we consider the path component of a relative braid
x rel X in the class of all braids we get what we call a relative braid class
[x rel X]. If we consider all braids that can be transformed to x rel X with-
out changing X we get what is called the relative braid class fiber. In [50]
an invariant is created using a proper braid class fiber [x] rel X (‘proper’
roughly means no strands can be homotoped on top of each other nor homo-
toped to the boundary). The idea is to consider a 1-periodic Hamiltonian
H : [0, 1]×D→ R such that each strand of X is a solution of the Hamilton’s
equations

xt = XH(x).

Here XH is the standard Hamiltonian vectorfield. Then the standard con-
struction of Floer theory is carried out, and an invariant is created that
essentially counts the number of solutions to the Hamiltons equation inside
of the braid class fiber [x] rel X and the number of Floer trajectories (using
an almost complex structure J). Floer trajectories in this context are paths
of braids x′(s) such that each path of strands is a solution of

xs + J(xt +XH(x)) = 0

and x′(s) ∈ [x] rel X.
The Braid Floer homology is then denoted by HF?([x] rel X;H,J). This

invariant turns out to be independent of the choice of H and J . It also turns
out to be independent of the choice of fiber. The authors of [50] obtain
the final invariant HF?([x rel X]). They also prove that if HF?([x rel X]) 6=
0 then inside the braid class [x] rel X there exist a braid solution to any
Hamiltonian equation that fixes X. Section 2 is dedicated to summarizing
the relevant theory of [50].

As mentioned before, in general HF? is hard to compute. The first steps
towards computation of HF? were performed in Chapter 2. Here another
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invariant is defined for Legendrian braids. These braid diagrams can be seen
as the graphs of a C1-functions. The braid property in this context no longer
forbids intersections of strands. The new condition allows for intersections,
but only if they are transverse. Now a construction similar to the one in [50]
can be carried out that uses the solutions of

qtt − q + V (t, q) = 0,

for a compactly supported smooth function V , rather than solutions to
Hamiltons equations. Here we can associate an absolute indexing to so-
lutions (critical points), namely the standard Morse index rather than the
Conley-Zehnder index. Furthermore, to count connections between the sta-
tionary solutions we consider the semi-linear reaction diffusion equation

qs − qtt + q − V (t, q) = 0,

rather than the Floer trajectories. These can be used to produce a braid class
invariant for Legendrian braid classes [q rel Q]: the Braid Morse homology
HM?([q rel Q]). An important reason this theory works is that the number
of zeros of solutions of linear parabolic equations behaves as a discrete Lya-
punov function (see for instance [4] and [5]). In section 3 we summarize the
results of Chapter 2.

The biggest reason for introducing the Braid Morse homology is that the
equations involved admit a well understood discretisation. The parabolic
equations turn into a parabolic recurrence relation when discretising the
spatial variable. This system is finite dimensional in nature. A Conley
Index (for background see [11]) can be associated to these equations and
discretised classes. The idea is now that for a fine enough discretisation
this Conley Index gives the same information as the Braid Morse homology
(for examples of the relation between Conley index and Morse homology
and Floer homology consider, [41], [14] or [19]). This work is done and will
be presented in [27]. We can summarize the connections in the following
diagram. The arrows represent isomorphisms.

Braid Floer Hom. ↔ Braid Morse Hom. ↔ Finite dimensional approx.

(3.1)

This article is focused on the first arrow, i.e. showing the relation between
the two braid invariants. We can see the Legendrian braids as a special case
of braids, by using the natural embedding ι(q) = (qt,q). The main theorem
we prove in this paper is the following:

76



3.2. BRAID FLOER HOMOLOGY

Theorem 3.1.1. Let [q rel Q] be a proper Legendrian braid class. Then
there exists an isomorphism

HF?([ι(q rel Q)]) ∼= HM?([q rel Q]).

One more remark should be made with respect to the first arrow. Not
all braid diagrams can be represented as Legendrian braids. Only positive
braids (meaning braid diagrams on which all crossings of the diagram are
positive) can be immediately represented. The solution presented in [50] is
to add a full twist at the end of the braid diagram. This forces the new braid
diagram to be homotopic to a positive braid. On the level of the Floer ho-
mology the full twists merely adds a shift of the homology indices. Theorem
3.1.1 thus provides a seminal step in the programme of computing the Braid
Floer homology of any braid class by following the chain of isomorphisms in
(3.1).

In preparation for the proof of Theorem 3.1.1 we will first recall some
ideas of [50] in Section 2. These ideas need to be adjusted in order to fit in
the framework of Chapter 2, where we have perturbed outside of the class
of gradient systems in order to make sure we have generic transversality
of connecting orbits. The results and notions used in Chapter 2 will be
discussed in Section 3. In Section 4 we describe how the ideas from Section
2 are adjusted to fit into the framework of Section 3. This comes down to
showing that we can consider a Floer Homology on potentially unbounded
braids (seeing as [50] only deals with braids on a disk), and also to show that
we can extend Floer Homology to include a perturbation out of the class of
gradient systems. Section 5 focusses on showing that choosing an appropriate
(parameter-dependent) almost complex structure we can see the parabolic
equation used to define the Braid Morse Homology appears as an adiabatic
limit of the Braid Floer Homology with these parameter dependent almost
complex structure. This adiabatic limit has been done before in the setting
of compact manifolds, in [43]. The relation between the stationary solutions
of the two dynamical systems have also been studied in the situation of
braids in [35]. This article introduces a way to apply the theory of [43] into
the setting of braid classes. The final section is dedicated to defining an
isomorphism between the two invariants, and to proving Theorem 3.1.1.

3.2 Braid Floer Homology

This section is a quick recap of the results of [50]. The theory is almost im-
mediately applicable. We will from here on always use the boldface notation
for braids. This is done to differentiate between results about braids and
about particular strands. We denote by D2 the closed unit disk in R2.
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Figure 3.1: An example of a relative braid

3.2.1 Braids

Definition 3.2.1. The configuration space Xn is the space of all ordered
collections (xk)nk=1 ∈

`

C0([0, 1];D2)
˘n

such that there exists a permutation
σ on n elements for which

xk(1) = xσ(k)(0) for all k ∈ {1, . . . , n}. (3.2)

We will call the functions xk the strands.

We will let the topology on the configuration space be the subspace topol-
ogy inherited from (C0([0, 1];R2))n. We will always assume the permutation
is known or implied whenever we are talking about elements of the configu-
ration space. We can concatenate the braid using the permutation:

xk(t+ 1) = xσ(k)(t) for all t ∈ R.

If we concatenate the braid n! times we end up with n periodic functions.
We call this concatenation x ∈ C0(R/n!Z;D2)n.

For the definition of braids we will need one additional property to make
sure the braids do not intersect.

Definition 3.2.2. A closed braid on n strands is an element x = (x1, . . . , xn)
∈ Xn which satisfies

for any pair k 6= k′, it holds that xk(t) 6= xk
′
(t) for all t ∈ [0, 1]. (3.3)

The set of all braids on n strands will be denoted by Bn.

Furthermore we wish to consider the path component of a braid x inside
of the space of all braids. We will denote this subspace [x].
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Definition 3.2.3. The set of singular braids Σn is

Σn := Xn −Bn. (3.4)

The singular braids form the boundary of the space of all braids. We
want to distinguish two different components of this boundary. First

Σ−n := {x ∈ Σn : xk(t) = xk
′
(t) for all t ∈ R and at least one pair k 6= k′}

are called the collapsed singular braids. They can be seen as the collections of
n strands that contain at least one extended strand twice. The complement

Σ+
n := Σn − Σ−n

is called the space of non-collapsable singular braids. The singular braids
in Σ+

n all have the property that if two extended strands intersect in some
point they will also have a point where they do not intersect. Next we wish
to distinguish between two different kinds of strands inside of a braid. Let
x ∈ Bn and X ∈ Bm. We can consider the combined collection of all the
strands of x and all the strands of X. We denote this x ∪X ∈ Xn+m with
n+m strands. It is possible that this is a singular braid. If x ∪X ∈ Bn+m
we use the notation x rel X. The choice for this notation will be made clear
later. When we consider the path component of x rel X we are especially
interested in the braids that can be path connected to x when X′ ∈ [X] is
fixed, i.e.

[x] rel X′ := [x rel X] ∩ π−12 (X′). (3.5)

Here π2 : Xn+m → Xm is the projection on the last m entries, and [x] rel X is
called a braid class fiber. When we introduce dynamics in Section 2.2 it will
turn out that on Σ−n the dynamics degenerates. We would like to exclude it
by restricting our attention to what we call proper braids.

Definition 3.2.4. A relative braid class [x rel X] is called proper if for all
of the fibres [x] rel X′ we have the following properties:

• x′ rel X ∈ cl([x] rel X) implies that |(x′)k(t)|6≡ 1, for all k,

• cl([x] rel X]) ∩ Σn+m ⊂ Σ+
n+m.

These properties reflects that on the boundary of a proper braid class,
strands in x cannot collapse onto each other, strands of X or the boundary
of the disk. Finally, to each braid we can assign a topological invariant,
namely the crossing number Cross.
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Definition 3.2.5. For a braid x ∈ Bn define the crossing number

Cross(x) =
∑
k 6=k′

W (xk − xk
′
, 0) ∈ Z,

where W is the classical winding number around the origin.

For background on this definition see Section 5 of [50]. The crossing num-
ber counts how often the braid intertwines with itself, or for braid diagrams
it counts the number of crossings with sign (see Figure 1.4). It has crucial
dynamic properties, see Lemma 3.2.11.

3.2.2 Cauchy-Riemann equations

In order to define the Floer Homology we consider Hamiltonian actions on
the space of braids. The class of all Hamiltonians we wish to consider,
denoted by H , consists of all functions that satisfy the following hypotheses:

(h1) H ∈ C∞(R× D2;R);

(h2) H(t+ 1, x) = H(t, x) for all (t, x);

(h3) H(t, x) = 0 for all t ∈ R and all x ∈ ∂D2.

Then on an element of the configuration space x ∈ Xn and for H ∈ H
we can define the action

LH(x) =
∑
k

∫ 1

0

θ(xk(t)). (3.6)

Here θ = pdq −H(t, x)dt in coordinates x = (p, q) on D2. By standard vari-
ational principles we see that critical points of the action functional coincide
with solutions to the Hamilton equations,

xkt = XH(t, xk) with boundary condition xk(t+ 1) = xσ(k)(t). (3.7)

Definition 3.2.6. A stationary braid is a braid X ∈ Bm that is also a
solution of (3.7).

Stationary braids admit an indexing. Namely let H ∈ H then to any
stationary braid x such that d2LH(x) is non-degenerate we can assign the
Conley-Zehnder index µCZ(x) ∈ Z. The definition can be found in section
6 of [50].

For any stationary braid X, we denote by CritH([x] rel X) the set of all
braid solutions to the Hamilton equations that lie in the relative braid class
fibre [x] rel X.
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Lemma 3.2.7 (Lemma 3.4 in [50]). Let X be a stationary braid and [x rel X]
a proper relative braid class. Then CritH([x] rel X) is compact with respect
to the Cr topology (r ≥ 0).

A key ingredient in the Floer theory of braids is that we can generically
find Hamiltonians on which all the stationary points are non-degenerate and
additionally have a prescribed stationary braid solution.

Lemma 3.2.8 (Proposition 9.1 in [50]). Let H ∈ H and let X be a sta-
tionary braid. Furthermore let [x] rel X be a proper relative braid class fiber.
Then there exists a δ∗ > 0 such that for all δ∗ > δ > 0 there exists a H ′ such
that H ′ ∈Hh, with the following properties.

• X is a stationary braid solution for the system given by HV ′ .

• ‖H −H ′‖C∞< δ.

• CritH′([x] rel X) consists of finitely many non-degenerate points.

Remark 3.2.9. Hamiltonians that have the property that the set of sta-
tionary braids consists of finitely many non-degenerate points will be called
Morse Hamiltonians. We denote Hm as the set of all Morse Hamiltonians.

Next we introduce almost complex structures on D2. Recall that the
standard almost complex matrix is

J0 =

ˆ

0 −1
1 0

˙

.

The standard metric on D2 is 〈x, y〉 = x1y1 +x2y2. The standard symplectic
form Λ0 is the bilinear form on D2 given by Λ0(x, y) = x1y2 − x1y2. The
relation between J0 and Λ0 is 〈x, J0y〉 = Λ0(x, y). We introduce the space
of all almost complex structures J as the space of all J ∈ R2×2 for which,
J2 = −Id2. We want to allow these non-standard complex structures in
our equations without losing the trifecta of symplectic geometry, hence for
J ∈J we use the metric Λ0(·, J ·) = 〈−J0J ·, ·〉.

To study the braid solutions of the Hamilton equations the authors of
[50] introduce variational methods à la Floer. Central in this theory is the
Cauchy-Riemann operator

∂J,H(u) := us − J rut −XH(t, u)s for s ∈ R. (3.8)

Note that ∂J,H(u) = 0 corresponds to a non-linear Cauchy-Riemann equa-
tion. This is an ill-posed problem seen as an initial value problem in ’time’
s ∈ R. Solutions admit nice uniform bounds though.
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Proposition 3.2.10 (Theorem 4.1 in [50]). Let H ∈ H , J ∈ J and
α = (α1, α2) any multi-index. Then there exists a C = C(α, J,H) such that
any solution u : R× R/lZ→ D2 of ∂J,H(u) = 0 satisfies the uniform bound

|∂αu(s, t)|≤ C(α, J,H) for all (s, t) ∈ R× R/lZ.

Going back to the configuration space, let U(s) = (ui(s, ·))ni=1 ∈ Xn be a
path of elements in the configuration space. Denote by M(J,H) the space
of all such paths for which each strand is a bounded solution of ∂J,H(ui) = 0.

Lemma 3.2.11 (Monotonicity Lemma). Let U ∈ M(J,H), then if there
exists an s0 such that u(s0) ∈ Σ+

n then there exists an ε > 0 such that
u(s) ∈ Bn for all s ∈ [s0 − ε, s0 + ε]− {s0} and furthermore

Cross(u(s0 − ε)) > Cross(u(s0 + ε)).

In other words the crossing number will play the role of a discrete Lyapunov
function for the spaces of braid solutions when considering the dynamics of
the Cauchy-Riemann equations

This lemma implies that proper relative braid class fibers act as isolating
neighbourhoods for the dynamics defined by the Cauchy-Riemann. From
now on let X ∈ Bm be a stationary braid and let [x] rel X be a proper
relative braid class fiber. We define M([x] rel X; J,H) to be the subset of
M(J,H) for which the paths lie fully in [x] rel X.

When we impose conditions on the end points of the solution we can
consider the spaces of connecting orbits between stationary solutions. Let
x− and x+ ∈ CritH([x] rel X) then we define

M(x−,x+; [x] rel X, J,H) :={
u ∈M([x] rel X; J,H) such that lim

s→±∞
u(s) = x±

}
. (3.9)

Note that due to the monotonicity lemma if the end points x± ∈ [x] rel X
then the entire solution is forced to lie in [x] rel X since it is an isolating
neighbourhood. As such we will use

M(x−,x+; J,H) =M(x−,x+; [x] rel X, J,H)

as short hand notation. It turns out that for a generic choice of H ∈ H
these spaces of connecting orbits are manifolds. First we define the space of
all Morse Hamiltonians.
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Definition 3.2.12. We define the subspace Hm ⊂ H as the space of
all Hamiltonians H for which all solutions in CritH([x] rel X) are non-
degenerate.

Proposition 3.2.13. (Proposition 9.4 in [50]) Let [x] rel X be a proper rel-
ative braid class fiber, and H ∈H . Then there exists a δ∗ > 0 such that for
all 0 < δ < δ∗ there exists an H ′ ∈Hm with ‖H −H ′‖C∞< δ.

Furthermore CritH([x] rel X) = CritH′([x] rel X). And finally for any
x−,x+ ∈ CritH′([x] rel X) with µCZ(x±) = n± the space of connecting
orbits M(x−,x+; J,H ′) is a manifold of dimension n− − n+.

Combining Propositions 3.2.10 and 3.2.13 we obtain that for two station-
ary braids of index difference one, the space of connecting orbits is compact
and one dimensional. Furthermore, the Cauchy-Riemann equations are au-
tonomous, which tells us immediately that the number of connecting orbits
(modulo time shifts) is finite. This leads to the following definition.

Definition 3.2.14. Let H ∈ Hm. Define for all k ∈ Z≥0 the chain groups
as the vector space over Z/2 generated formally by the stationary braids of
Conley-Zehnder index k by

Ck(J,H) := Z/2 · 〈x′ ∈ CritH([x] rel X) : µCZ(x′) = k〉 .

The boundary operator ∂k(J,H) : Ck(J,H)→ Ck−1(J,H) is given by

∂k(x′) =
∑

x′′∈Ck−1

#Mg(x
′,x′′; J,H)/R · x′′.

Theorem 3.2.15. Let X be a stationary braid and [x rel X] a proper braid
class, then for H ∈Hm, (C?(J,H), ∂?(J,H)) is a chain complex. We denote
its homology by HF?([x] rel X; J,H) and call it Braid Floer Homology.

The final sections in [50] are devoted to showing that Braid Floer Ho-
mology is a topological invariant. In other words, that it does not depend
on the almost complex structure, the Hamiltonian or the choice of fibre.

Theorem 3.2.16 (Section 10 of [50]). HF?([x rel X]) is well defined.

3.3 Braid Morse Homology

Next we recap the theory of Braid Morse homology. All of the proofs of the
statements made in this section can be found in Chapter 2.
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3.3.1 Legendrian braids

The Legendrian braids form a subspace of the space of braids defined in
Definition 3.2.2. Here the strands have values in R and are continuously
differentiable rather than just continuous on the disk. The derivative will
play the role of the second disk-coordinate here.

Definition 3.3.1. The Legendrian configuration space XLn is the space of
all ordered collections of strands (qi)ni=1 ∈

`

C1([0, 1];R)
˘n

such that there
exists a permutation σ on n elements for which

qk(1) = qσ(k)(0) and qkt (1) = q
σ(k)
t (0) for k = 1, . . . , n. (3.10)

For Legendrian braids we will allow intersections as long as they are
transverse.

Definition 3.3.2. A closed Legendrian braids on n strands is an element
q = (q1, . . . , qn) ∈ XLn which satisfies

for all k 6= k′ and t ∈ [0, 1] such that qk(t) = qk
′
(t) we have qkt (t) 6= qk

′

t (t).

(3.11)

The set of all Legendrian braids on n strands will be denoted Λn

As mentioned before Λn can be seen as a subset of Bn. This can be seen
by considering the embedding

ι(q) :=
`

(q1t , q
1), . . . , (qnt , q

n)
˘

. (3.12)

We will denote the path component of a Legendrian braid q inside Λn, [q]L.
Important to note is that this path component only considers Legendrian
braids. In general ι[q]L 6= [ι(q)].

Definition 3.3.3. The set of singular Legendrian braids ΣLn is,

ΣLn := XLn −Λn.

This can be thought of as the boundary of the space of Legendrian braids.
This boundary splits into two disjoint parts,

ΣL−n := {q ∈ ΣLn : qk(t) = qk
′
(t) for all t ∈ R and at least one pair k 6= k′}.

and

ΣL+n := ΣLn − ΣL−n .
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Figure 3.2: Example of a relative Legendrian braid diagram

As in the braid situation we want to consider braid classes and fibers.
We define the union q ∪Q of two Legendrian braids q ∈ Λn and Q ∈ Λm

as the Legendrian configuration of all the strands of q and Q together . If
q∪Q ∈ Λn+m we denote it q rel Q. If we fix the second Q part by choosing
a representative Q′ ∈ [Q]L we get the Legendrian braid class fibers

[q]L rel Q′ := [q rel Q]L ∩ π−12 (Q′).

This leads to the Legendrian analogue of Definition 3.4.1.

Definition 3.3.4. A Legendrian braid class [q rel Q]L is called proper if for
all fibers [q]L rel Q′

• there exists a compact K ⊂ R such that q̃i([0, 1]) ⊂ K for all q̃ ∈
[q]L rel Q′ and

• cl([q]L rel Q′) ∩ ΣLn ⊂ ΣL+n

This definition is motivated by dynamics. The first point will make
sure the braid classes will have nice compactness properties once we start
introducing dynamics on the Legendrian braids. The second part has to do
with exclusion of possible degenerate behaviour (i.e. strand evolution will
make two strands collapse). The crossing number for braids has a Legendrian
analogue as well, namely the intersection number.

Definition 3.3.5. For a Legendrian braid q ∈ Λn define the intersection
number

I (q) :=
1

2

∑
k 6=k′

Z(qk − qk
′
) ∈ N,
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where Z(·) is the number of zeros of the function.

3.3.2 Parabolic equations

Definition 3.3.6. The space of potential functions V is C∞c (R/Z× R).

The idea is now to consider scalar parabolic PDEs

qs = qtt − q + Vq(t, q). (3.13)

on all of the strands of a braid, all using the same V ∈ V.

Definition 3.3.7. We call a Legendrian configuration q ∈ XLn a stationary
Legendrian braid if all the strands qk ∈ q are solutions of

qtt − q + Vq(t, q) = 0. (3.14)

We denote the space of all stationary Legendrian braids by Crit V .

Definition 3.3.8. For V ∈ V we call a stationary solution q′ non-degenerate
if the linearized equation of (3.14) around q′ is a injective operator. A
potential V is called Morse if all the stationary points are non-degenerate.
We denote the space of all Morse potentials by Vm.

Lemma 3.3.9. Let [q]L rel Q be a proper Legendrian braid class fiber, such
that Q is a stationary braid for V ∈ V. Then there exists a δ∗ > 0 such that
for any 0 < δ < δ∗ there exists a V ′ ∈ Vm with the following properties:

• ‖V − V ′‖C∞< δ,

• Q is a stationary braid for LV ′ ,

• Crit V ′([q]L rel Q) := Crit V ′ ∩ [q]L rel Q is a compact set with respect
to the Ck-norm for all k ≥ 0.

For non-degenerate stationary Legendrian braids there exists a Morse
index,

β : Crit V ([q]L rel Q)→ N.

The definition of the Morse index can be found in Section 2.5. It essen-
tially counts the number of negative eigendirections of the linearized system
around the point. Note that (3.14) has a variational description. Stationary
Legendrian braids are critical points of the functional LV : XLn → R given
by

LV (q) :=

n∑
k=1

∫ 1

0

„

1

2

`

qkt (t)
˘2

+
1

2

`

qk(t)
˘2 − V (t, qk(t))



dt.

86



3.3. BRAID MORSE HOMOLOGY

Ideally one would want to use the construction of gradient flows applied to
braids in the previous section to Legendrian braids. i.e. to consider solutions

vs(s) = −∇L2LV (v(s)), (3.15)

i.e., all strands vk are solutions of (3.13). A problem occurs when trying
to establish the generic transversality of the connecting orbits. In order for
our theory to work we need that LV defines a Morse-Smale system. We
can choose V ∈ V generically Morse. Once we do this almost all connecting
orbits are automatically non-degenerate as well (this is a result in [29]).
However, there is one case that we cannot exclude. We need to make sure
that generically no connecting orbits between two critical points of equal
even index occur. For this reason we introduce a small perturbation into
(3.14). In particular, we add a term g ∈ C∞c (R/Z× R2) to create

vs = vtt − v + Vq(t, v) + g(t, v, vt). (Hg)

Equation (Hg) defines a continuous semi-flow

Ψ := Ψg : XLn × R≥0 → XLn .

Definition 3.3.10. Let V ∈ Vm and let [q]L rel Q be a proper Legendrian
braid class fiber such that Q ∈ Crit V . We define

N ([q]L rel Q;V, g) := {v solves (Hg) : v(s) ∈ [q]L rel Q}.

When it is clear which potential V is used we will write Ng([q]L rel Q).
Now fix two elements q−,q+ ∈ Crit V ([q]L rel Q) then the set of connecting
orbits is defined as

N (q−,q+; [q]L rel Q, V, g) := {v ∈ N ([q]L rel Q;V, g) : lim
s→±∞

v(s) = q±}.

We will write Ng(q−,q+) if it is clear which V and braid class fiber we
use. As mentioned before we want to make sure we can slightly perturb our
equation into one that only has non-degenerate connecting orbits without
disturbing the stationary solutions.

Proposition 3.3.11. Let [q]L rel Q be a relative braid class fiber, V ∈ Vm.
Then for any ε > 0 there exists a g ∈ C∞c (R/Z× R2) such that

i) ‖g‖C∞< ε,

ii) for all q0 ∈ Crit V ([q]L rel Q) we have that q0 is a stationary solution
of (Hg),
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iii) All connecting orbits u ∈ Ng(q−,q+) are non-degenerate.

Definition 3.3.12. A choice of pair (V, g) such that V makes LV Morse
and g is such that i-iii hold is called an admissible pair of non-linearities.

Remark 3.3.13. For these choices of g we have that for any pair q−,q+ ∈
Crit V ([q]L rel Q),

Ng(q−,q+) is a manifold of dimension β(q−)− β(q+). (3.16)

In the previous section we had the Monotonicity Lemma 3.2.11. Below
is the analogue for the parabolic case.

Lemma 3.3.14 (Monotonicity for parabolic equations). Let v be a path
in XLn for which the strands satisfy (Hg). If there is an s0 ∈ R such that
v(s0) ∈ ΣL,+n then there exists an ε > 0 such that v(s) ∈ Λn for all s ∈
[s0 − ε, s0 + ε]− {s0}. Furthermore

I (v(s0 − ε)) > I (v(s0 + ε)).

In other words, if we restrict ourselves to solutions that lie completely
in a braid class, this braid class will be an isolating neighbourhood for the
dynamical system. This follows from the fact that Inter(·) is a braid class
invariant.

We also used uniform bounds on the solutions, analogous to the ones in
the previous section for the Cauchy-Riemann equations.

Proposition 3.3.15. For (V, g) an admissible pair let v : R × R/mZ → R
be a solution of (Hg). Then for any multi-index α there exists a uniform
constant, independent of v and m, such that

|∂αv(s, t)|≤ C(α, V, ‖g‖C∞).

Hence, due to the uniform bounds and the isolation property enforced
by the monotonicity property we get compactness of the space N ([q]L rel Q)
(see Proposition 3.3.17). We want to show that for a generic choice of g,
Ng([q]L rel Q) consists of connecting orbits only. We start from the situation
g = 0 and show that no other solutions can exist.

If g = 0 and V ∈ Vm solutions of (H0) are given by a gradient-flow and
LV acts as a Lyapunov function. This immediately excludes the possibil-
ity of periodic orbits and homoclinic orbits since the value of LV always
decreases along non-stationary solutions.

For the case ‖g‖C∞> 0 we have the following proposition which shows
that for small g all bounded solutions are either stationary or connecting
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orbits. In essence this proposition is the first step towards showing that the
perturbed system is gradient-like as long as the perturbation is small. This
task is accomplished in two steps. This proposition is the first. We show
that the ω-limit sets can only contain stationary solutions. This immediately
excludes most unwanted behaviour (such as periodic orbits and more exotic
sets). Proposition 3.3.11 then helps us exclude other unwanted behaviour.
For instance it makes sure we get no homoclinic orbits or closed chains of
connecting orbits. However, we first provide the main arguments of the proof
of Proposition 3.3.16 (see [25] for additional details), since they are needed
again in Section 3.4.2.

Proposition 3.3.16. Let [q]L rel Q be a proper Legendrian braid class fiber
and let V be such that LV is a Morse function. Then there exists an ε0 > 0
such that for any choice of ‖g‖C∞< ε0 making (V, g) an admissible pair we
have

Ng([q]L rel Q) =
⋃

q′,q′′∈Crit V ([q]L relQ)

Ng(q′,q′′).

The proof can be found in Chapter 2. Each space of connecting orbits
has an R-action defined by translation in the s-variable. Furthermore, the
space of all bounded solutions is compact in the following sense.

Proposition 3.3.17. For [q]L rel Q any proper Legendrian braid class fiber.
Let (vi)i∈N be a any sequence in Ng([q]L rel Q). Then there exists a sequence
(si) ⊂ R and a v ∈ Ng([q]L rel Q) such that

vi(·+ si)→ v in a C1
loc sense.

Since the equation is autonomous this translating does not change the
solution, it just shifts it in time. The convergence is hence of a geometric
nature. Combining (3.16) and Proposition 3.3.17 we get that generically for
two stationary Legendrian braids q+,q− ∈ Crit V ([q]L rel Q) with β(q−)−
β(q+) = 1, Ng(q−,q+) is a one dimensional manifold that is compact up to
translation. If we then quotient out the R action we are left with a compact
zero-dimensional manifold, i.e. we can count. Then we can construct a chain
complex analogous to the one in Proposition 3.2.15

Definition 3.3.18. Let [q]L rel Q be a proper Legendrian braid class fiber
and (V, g) and admissible pair. We define for k ∈ Z≥0 the chain groups

Ck([q]L rel Q;V, g) := Z/2 · 〈q ∈ Crit V ([q]L rel Q) : β(q′) = k〉

and the boundary map on level k for a generator q′ ∈ Ck as

∂kq
′ =

∑
q′′∈Ck−1

#Ng(q′,q′′;V )/R · q′′.
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Proposition 3.3.19. The complex (Ck, ∂k) defined above is a chain com-
plex, i.e. ∂2 = 0. Its homology groups

HM?([q rel Q]L) = HM?([q]L rel Q;V, g)

are independent of the choice of (V, g) and the fibre.

3.4 Extending Braid Floer homology

Before we can show the relation between the two invariants defined in sec-
tions 2 and 3, we must first extend the definition of the Braid Floer homology
a bit. This extension is two fold. On the one hand we would like to no longer
be restricted to the disk D2. Furthermore as explained in section 3 we could
not define the Braid Morse homology without going out of the class of gra-
dient flows. This section is dedicated to showing how for the Braid Floer
homology we can consider equations that are close to gradient systems. In
fact the invariant is isomorphic to the original Braid Floer homology.

3.4.1 Hyperbolic Braid Floer homology

We start by no longer requiring our braids to be in the disk. Most of the
definitions carry over when replacing D2 with R2. We call these braids
unbounded braids. In order to still be able to define a Braid Floer homology
for these braids we will need to make sure that uniform bounds can still
be found. Some of the theory in Section 2 explicitly used the fact that D2

is compact. The only definition that does not carry over to R2 directly is
properness.

Definition 3.4.1. An relative unbounded braid class [x rel X] is called proper
if for all of the fibres [x] rel X′ we have the following properties:

• There exists a compact K ⊂ R2 such that (x′)k([0, 1]) does not lie
completely outside of K for at least one strand (x′)k of each braid
component x′ in [x] rel X′.

• cl([x] rel X′) ∩ Σn+m ⊂ Σ+
n+m

Of course we have to say which Hamiltonians we consider for our con-
struction. The new space of Hamiltonians are called hyperbolic Hamiltonians
and denoted by Hh. These hyperbolic Hamiltonians were introduced in [35].

Definition 3.4.2. The space of hyperbolic Hamiltonians contains all H =
HV ∈ C∞(R× R2;R) such that
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• HV (t, p, q) = 1
2p

2 − 1
2q

2 + V (t, p, q), for a V ∈ C∞(R× R2),

• V (t, p, ·) is compactly supported as a function R → R, for all t ∈ R
and p ∈ R,

• H(t+ 1, p, q) = H(t, p, q) for all (t, p, q).

To define a Floer homology on the proper braid classes that live in R2

we need uniform bounds on the solutions of the Hamilton equations.

Lemma 3.4.3 (Lemma 7.1 in [35]). For all H ∈ Hh there exists a C > 0
(that depends on V ) such that for all braid solutions x′ of (3.7) we get

‖x′‖C0([0,1];R2n)≤ C.

We will also need uniform bounds for non-stationary solutions for the
Cauchy-Riemann equations generated by the hyperbolic Hamiltonians.

Proposition 3.4.4. Let H ∈Hh, J ∈J and α = (α1, α2) any multi-index.
Then there exists a C = C(α, J,H) such that any solution u : R×R/lZ→ R2

of ∂J,H(u) = 0 (see (3.8)) satisfies the uniform bound

|∂αu(s, t)|≤ C(α, J,H) for all (s, t) ∈ R× R/lZ.

The proof of this theorem is a combination of the original bootstrapping
proof for Theorem 3.2.10 (which can be found in [50]) combined with the
compact support of V (cf. Lemma 3.4.3). Section 5 contains a slightly more
general version of this theorem as well (Proposition 3.4.7 is just Theorem
3.5.6 using κ = 1 and G = 0). When we would like to make statements about
generic transversality of solutions of ∂J,H(u) we can no longer use Theorem
3.2.13. What it means to be non-degenerate is still the same as in section 2.

Lemma 3.4.5. Let H = HV ∈ Hh and let X be an unbounded stationary
braid. Furthermore let [x] rel X be a proper relative unbounded braid class
fiber. Then for all δ > 0 there exists a V ′ such that HV ′ ∈ Hh, with the
following properties:

• X is a stationary unbounded braid solution for the system given by
HV ′ ,

• ‖HV −HV ′‖C∞< δ,

• CritHV ′ ([x] rel X) consists of a finite number of non-degenerate points.

Definition 3.4.6. Denote the space of all V ′ such that CritHV ′ ([x] rel X)
consists of a finite number of non-degenerate points by Vm.
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Despite the different form of the Hamiltonians the proof is a very straight-
forward adaptation from the proof of Lemma 3.2.8 that can be found in [50].

Additionally we have the analogue of Proposition 3.2.10.

Proposition 3.4.7. Let [x] rel X be a proper relative unbounded braid class
fiber, and H = HV ∈ H . Then there exists a δ∗ > 0 such that for all
0 < δ < δ∗ there exists an V ′ ∈ Vm with:

‖HV −HV ′‖C∞< δ.

Furthermore for any x−,x+ ∈ CritHV ′ ([x] rel X) with µCZ(x±) = n± the
space of connecting orbits M(x−,x+; J,HV ′) is a manifold of dimension
n− − n+.

Going through the standard steps of defining a Floer homology (for in-
stance [50]) we get what we call the hyperbolic Braid Floer homology. For a
proper relative unbounded braid class fiber we will denote it by
HHF?([x] rel X;H,J). Finally we want to relate the hyperbolic and regular
Braid Floer homology. The first step is to consider an extension from the
class of braid classes to unbounded braid classes. By considering homotopies
in D2 as homotopies in R2 it follows that if two braids are homotopic in the
bounded case they are also homotopic in the unbounded case. We would
also like to see that proper bounded braid classes can be seen as proper
unbounded braid classes. This is where the following lemma comes in:

Lemma 3.4.8. Let [x] rel X a (bounded) proper relative braid class fiber.
And let [x]R2 rel X be its unbounded extension. If there exists a braid com-
ponent rx in R2 whose image lies entirely outside of the disk D2 then

rx 6∈ [x]R2 rel X.

Proof. By contradiction assume there exists such a rx. Our skeletal braid X
lies completely in the interior of D2. Since rx ∈ [x]R2 rel X there must exists
a homotopy from x to rx. Assume x contains a single braid component.
Since x is a braid in D2 it takes values only inside the disk. By assumption
rx takes values only outside the disk. There exists a homotopy of braids
which deforms x to rx. Now since the skeleton is completely inside the disk
we are free to homotope the braid completely onto a circle of radius R > 1.
Meaning for all strands xk of rx we get |xk(t)|= R. We can now scale the disk
back to radius 1, (this scaling is done using an isotopy). We are left with a
bounded braid diagram that has strands completely on the boundary of the
disk. Note that our skeleton has changed to a skeleton that is homotopic to
the original one. However this still contradicts the properness of the original
braid class [q rel Q]D2 . See Figure 3.3.
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rx

x

|xk|= R

Scaling

Figure 3.3: The idea of the homotopy

Theorem 3.4.9. Let [x rel X] be a proper relative braid class and denote
[x rel X]R2 its unbounded extension. Then we have the following isomorphism

HF?([x rel X]) ∼= HHF?([x rel X]R2).

Proof. The proof is of a constructive nature. The idea is to choose a Hamilto-
nian H ∈H such that X is stationary with respect to H. Since H(t, ·)|∂D2=
0 we can extend H to a smooth function on [0, 1] × R2, simply by setting
it 0 outside the disk. The reason we can do this smoothly without inter-
fering with the braids is that the relevant solutions all stay away from the
boundary. Call this extension pH. Now choose a smooth ν ∈ C∞(R+) such
that

ν(r) :=

{
1 for r ≤ 2,
0 for r ≥ 3.

(3.17)

Now we can define a pV for x = (p, q) by

pV (t, x) := ν(|x|)
ˆ

−1

2
p2 +

1

2
q2 + pH(t, x)

˙

. (3.18)

We claim H
pV ∈ Hh. Indeed it is compactly supported in the q-coordinate,

as is enforced by the function ν. All other conditions follow from the fact
that H ∈ H . Finally we want to show that for any choice J ∈J and any
proper relative braid class fiber [x] rel X:

HHF?([x]R2 rel X; J,H
pV ) ∼= HF?([x] rel X; J,H).

We will show this in two steps. First we want to see that

CritH([x] rel X) = CritHV ′ ([x]R2 rel X).
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The inclusion ‘⊂’ is obvious. All homotopies in D2 are automatically homo-
topies in R2, and by construction of pV all solutions coincide. For the other
inclusion assume it is not the case, in other words assume we have found
a stationary braid solution y such that y /∈ [x] rel X, but y ∈ [x]R2 rel X
Then it has to hold that either the strands of y lie fully outside of the disk,
in which case Lemma 3.4.8 gives a contradiction, or the strand has points
inside and outside the disk. As such there must exist a point t1 and a strand
yk such that yk(t1) ∈ ∂D2. This implies, by the fact that H|∂D2= 0, that
yk(t) ∈ ∂D2 for all t ∈ [0, 1]. Which means a full strand collapsed on the
boundary contradicting that the braid class is proper. As such all elements
CritH

xV
([x]R2 rel X) have their image completely inside D2.

For the connecting orbit all results follow from isolation properties. The
fact that the limit points of the connecting orbits lie in the right class forces
the entire solution to lie in the right class. So we have shown that the critical
points are the same and the number of connecting orbits between them is
the same. As such the chain complexes are the same, which forces the two
homologies to be the same.

3.4.2 Non-gradient Cauchy-Riemann equation

Consider for G ∈ C∞c (R/Z× R2;R2) the equation

us(s, t)− J rut(s, t)−XH(t, u(s, t)) +G(t, u(s, t))s = 0. (CRH,G)

Here (s, t) ∈ R×R/nZ and H ∈Hm. We use shorthand (CRH) for the case
G ≡ 0.

The goal of this section is to show that we can perturb outside of the
class of gradient system (as we did in the previous section with g) such that
the theory of Section 2 is still valid. We start with small perturbations that
do not change the critical braids.

Definition 3.4.10. Let H be such that the system (CRH) is Morse. Let
[x] rel X a proper relative braid class fiber. We define the set Gε([x] rel X;H)
to be all G ∈ C∞c (R/Z× R2;R2) such that ‖G‖C∞< ε and

G(t, xk(t)) = 0 for all xk ∈ x′ and x′ ∈ CritH([x] rel X)).

We would like to use the analogue of Proposition 3.3.16 in the Cauchy-
Riemann setting.

Lemma 3.4.11. Let J ∈ J , H ∈ H be such that (CRH) is Morse. Let
[x] rel X be a proper relative braid class fiber. Then there exists a ε0 > 0
such that for all G ∈ Gε0 we get that the system defined by (CRH,G) is
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gradient-like, i.e., bounded solutions are either non-degenerate critical points
or connecting orbits between them.

Since the proof in [25] that we sketched in the previous section (see
Proposition 3.3.16) does not explicitly use the parabolic structure we can
essentially use the same proof. The proof used continuity arguments, uniform
boundedness and the fact that our perturbation was C∞-small. We would
now like to define the Braid Floer homology using (CRH,G) rather than
without G. We will need the following proposition:

Proposition 3.4.12. Let (H,J) be such that HF?([x rel y]) is defined. Then
there exists a dense and open subset of Gε such that for all G in this subset
we can define

HF?([x] rel X;H,G, J),

using the construction discussed in Section 2.

Remark 3.4.13. Denote G0ε the subset of all G such that the second coor-
dinate is zero (see Gg in the next section). Then we can replace Gε with G0ε
in the above proposition and it still holds true.

The proof of this is in essence identical to the proof of the generic
transversality in the case of the perturbed heat equation done in [25]. A
similar genericity result was also shown in [50].

Picking ‖G‖C∞ small enough does not change the structure and multi-
plicity of the connecting orbit set. Furthermore since G ∈ Gε we know the
critical braids are exactly the same as for the case G = 0. We thus infer that
for all ε < ε0 and all G ∈ Gε

HF?([x] rel X;H,G, J) ∼= HF?([x] rel X;H,J). (3.19)

3.5 Adiabatic limit of parametric Cauchy-
Riemann equations

3.5.1 Parametric Cauchy-Riemann equations

The idea of this section is to interpret the heat equation as an adiabatic
limit of the Cauchy-Riemann equations. We introduce a parameter into our
Cauchy-Riemann equations through the almost complex structure. The term
adiabatic comes from the proces of expanding one direction (the q-direction)
while we contract another (the p-direction). The terminology and theory
were applied in [43] for general closed symplectic manifolds. We will show

95



CHAPTER 3. BRAID MORSE AND BRAID FLOER HOMOLOGY

that after slight modifications the theory still works for proper braid class
fibers. From this section on we will abuse notation and set [ · ] := [ · ]R2 , and
every mention of braid classes will be thought of as unbounded braid classes,
since those are the only objects we will work with.

Definition 3.5.1. For κ > 0 define,

Jκ :=

ˆ

0 −κ−1
κ 0

˙

. (3.20)

We apply Section 3 to the following situation. We let [q]L rel Q be a
proper Legendrian braid class fiber. Let (V, g) be an admissible pair. Con-
sider the perturbed parametric Cauchy-Riemann equations on [ι(q)] rel ι(Q)
with Hamiltonian HV (t, q, p) := 1

2p
2− 1

2q
2 +V (t, q) and perturbation Gg :=

pg(t, q, p), 0q. By choosing g sufficiently small we make sure that ‖Gg‖C∞<
ε0 (as in Lemma 3.4.11). The perturbed parametric Cauchy-Riemann equa-
tions are now

us − Jκ put −XHV (t, u) +Gg(t, u)q = 0 (CRκ)

Recall ι from (3.12). Note that, since Jκ ∈ J and HV ∈ Hm by the
isomorphism (3.19) we have,

HF?([ι(q)] rel ι(Q)) ∼= HF?([ι(q)] rel ι(Q); (HV , Gg), J
κ). (3.21)

Define the short hand for the space of all bounded braid solutions of (CRκ)
as follows:

Mκ
g ([ι(q)] rel ι(Q)) :=M([ι(q)] rel ι(Q);HV , Gg, J

κ) :=

{u : R→ [ι(q)] rel ι(Q) s.t. ui a solution of (CRκ)}. (3.22)

We also define for q−,q+ ∈ Crit V ([q] rel Q) the subspaces

Mκ
g (q−,q+) := {u ∈Mκ

g ([ι(q)] rel ι(Q)) : lim
s→±∞

u(s) = ι(q±)}.

The rest of section 5 will be dedicated to proving the following theorem.

Theorem 3.5.2. Let (V, g) be an admissible pair and let [q]L rel Q be a
proper Legendrian braid class fibre. Then there exists a κ0 > 0 such that for
every κ ∈ (0, κ0];

HF?([ι(q)] rel ι(Q); Jκ, Gg, HV ) ∼= HM?([q]L rel Q;V, g).

Remark 3.5.3. Note that this proves Theorem 3.1.1 since the invariants in
this theorem are independent of the choices of V,G, Jκ and choice of fiber,
i.e.

HF?([ι(q) rel ι(Q)]) ∼= HM?([q rel Q]L).
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3.5.2 Heat equation as adiabatic limit

Since our goal is to show that for sufficiently small κ we get

HF?([ι(q)] rel ι(Q); (HV , Gg, J
κ)) ∼= HM?([q]L rel Q;V, g), (3.23)

this section is dedicated to showing the relation between the two dynamical
systems involved. Introducting u = (p, q) as two scalar coordinates for a
single strand we can write (CRκ) as{

ps + κ−1qt − κ−1p = 0,
qs − κpt + κq − κVq − κg = 0.

The permutation boundary conditions are playing a role in the background
only. By using the change of variables rs = κs we obtain{

p
rs + κ−2(qt − p) = 0,
q
rs − pt + q − Vq − g = 0.

(3.24)

Note that by multiplying the top equation with κ2 and then setting κ = 0
this gives exactly the perturbed heat equation

q
rs − qtt + q − Vq − g = 0. (3.25)

As such the heat equation is an adiabatic limit of the Cauchy-Riemann equa-
tion. Note that we vary κ between 1 (standard CR) and 0 (heat equation).
Our goal is to show that for κ > 0 small enough there is a one-to-one rela-
tion between connecting orbit solutions of (CRκ) and of (Hg). This is the
key step in proving the isomorphism (3.23). For the rest of this chapter we
redefine s as rs.

3.5.3 Uniform bounds for parametric equations

Before we can show that the homology commutes with the limit-process
κ→ 0, we need uniform bounds (uniform in κ) on operator norms (at least
for 0 < κ ≤ 1). The proofs are adapted from the proofs in [50]. We will use
the following norm for u ∈ H1(R× [0, 1];R2):

‖u‖2H1
κ
:= ‖u‖2L2+‖ut‖2L2+

∥∥∥∥ˆ κ 0
0 1

˙

us

∥∥∥∥2
L2

. (3.26)

The next inequalities will be shown for all strand individually. The inequality
on the space of braids can be obtained by summing over all of the strand-wise
inequalities.

97



CHAPTER 3. BRAID MORSE AND BRAID FLOER HOMOLOGY

Define Dκ to be the linear part of (CRκ), i.e., for u = (q, p) ∈ H1(R ×
[0, 1];R2) let

Dκu :=

ˆ

ps + κ−2(qt − p)
qs − pt + q

˙

.

Lemma 3.5.4. There exists a C > 0 such that for every κ ∈ (0, 1] and every
u ∈ C1

c (R2;R2) we have

‖u‖H1
κ
≤ C‖Dκu‖L2(R×S1;R2). (3.27)

Proof. When we Fourier transform the operator Dκ it has the form

zDκu = Aκû =

ˆ

iξ − κ−2 iκ−2η
−iη iξ + 1

˙ˆ

p̂
q̂

˙

.

The inverse of Aκ has the form

A−1κ =
1

detAκ

ˆ

iξ + 1 −iκ−2η
iη iξ − κ−2

˙

, (3.28)

where

|detAκ|2=
`

ξ2 + κ−2 + κ−2η2
˘2

+
`

ξ(κ−2 − 1)
˘2

= ξ4 + κ−4 + κ−4η4 + 2κ−4η2 + 2ξ2η2κ−2 + ξ2κ−4 + ξ2.
(3.29)

We show (3.27) in three steps using Fourier transforms. First we show

‖A−1κ pu‖L2≤ C‖pu‖L2 ,

by showing that the moduli of the entries of A−1κ are all bounded from
above. This implies that the matrix norm of A−1κ is bounded from above
independent of κ. The moduli of each of the entries of A−1κ can be bounded
by the following inequalities (note that the order is the same as in the matrix
in (3.28)).

1 + ξ2

|detAκ|2
≤ κ4+1,

κ−4η2

|detAκ|2
≤ 1

2
,

η2

|detAκ|2
≤ κ4 and

κ−4 + ξ2

|detAκ|2
≤ 2.

These inequalities follow from (3.29). Now the matrix norm is bounded from
above by a fixed constant C (independent of κ) times the biggest modulus
of the entries. Then after using the Parceval identity we get

‖u‖2L2(R×S1;R2)≤ 2C‖Dκu‖2L2(R×S1;R2) for all 0 < κ ≤ 1.
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We proceed in a similar way for ‖ut‖L2= ‖−iηA−1κ zDκu‖L2 . The method is
the same but all entries have an additional factor η2. The inequalities now
become

η2 + η2ξ2

|detAκ|2
≤ 1

2
κ4 +

1

2
κ2,

κ−4η4

|detAκ|2
≤ 1,

η4

|detAκ|2
≤ κ4 and

η2κ−4 + η2ξ2

|detAκ|2
≤ 1

2
+

1

2
κ2. (3.30)

This gives using the same idea as before

‖ut‖2L2≤ C‖Dκu‖2L2 for all 0 < κ ≤ 1.

The final estimate we need has an additional factor in the p-coordinate. This
gives ∥∥∥∥ˆ κ 0

0 1

˙

us

∥∥∥∥
L2

=

∥∥∥∥−iξˆ κ 0
0 1

˙

A−1κ
zDκu

∥∥∥∥
L2

.

Now once more we use the following bounds of squares of the moduli of the
matrix entries,

κ2(ξ2 + ξ4)

|detAκ|2
≤ 2κ2,

κ2(κ−4η2ξ2)

|detAκ|2
≤ 1

2
,

ξ2η2

|detAκ|2
≤ 1

2
κ2 and

κ−4ξ2 + ξ4

|detAκ|2
≤ 2.

We obtain the final inequality we need:∥∥∥∥ˆ κ 0
0 1

˙

us

∥∥∥∥2
L2

≤ 2C‖Dκu‖2L2 for all 0 < κ ≤ 1.

Putting this all together we find

‖u‖2H1
κ
≤ 5C‖Dκu‖2L2 for all 0 < κ ≤ 1.

To prove the uniform bounds on the solutions to the parametric equations
we will need the next proposition to enable a bootstrapping argument.

Proposition 3.5.5. Let G ⊂ R2 be compact and K ⊂⊂ G compact. There
exists a constant CK,G such that

‖u‖H1
κ
≤ CK,G

`

‖Dκu+ Jκ pXHv (u) +Gg(u)q ‖L2(G)+‖u‖L2(G)

˘

,

for every u ∈ C1(R× S1;R2) and every κ ∈ (0, 1]. (Here you can recognize
the left hand side of (CRκ)).
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Proof. Applying Lemma 3.5.4, the triangle inequality and the fact that the
non-linear part of the equation is compactly supported and smooth the result
follows.

We can then copy the proof for the bounds in section 3 of [50] using
Lemma 3.5.4 and Proposition 3.5.5 to prove the following theorem.

Theorem 3.5.6. There exists a C = C(k, V, ‖g‖C∞ , [q]L rel Q) > 0 such
that for every κ ∈ (0, 1], every k ∈ Z≥0 and bounded solution uκ of (CRκ)
we have

‖uκ‖Ck(R×S1;R2n)≤ C.

3.5.4 Isomorphism between homologies

To show that the the Braid Floer homology and the Braid Morse homology
are isomorphic, we want to see that for κ small enough there is a one to
one relationship between solutions (stationary or connecting) of (CRκ) and
(Hg). The results for the stationary solutions are fairly straightforward and
will be shown in Proposition 3.5.7.

Proposition 3.5.7. Let [q] rel Q be a proper Legendrian braid class fiber
and V ∈ Vm. Then for every κ ∈ (0, 1] the map ι between Crit V ([q]L rel Q)
and CritHV ([ι(q)] rel ι(Q)) is an index preserving bijection.

Proof. Note by (3.24) that if ps = qs = 0 we automatically get p = qt and
qtt−q+Vq = 0. This result immediately extends to any choice of admissible
pair (V, g) due to the properties that g may not perturb the stationary braids.
To see the index preserving behaviour note that β(q) = µCZ(ι(q)) (see for
instance Lemma 4.2 in [35]).

To show the bijective relation of the connecting orbits we will adjust
methods developed by Salamon and Weber in [43]. We will start by showing
that for classic non-braid solutions we can find a one-to-one relation between
solutions of the modified heat equation and the Cauchy Riemann equations.
Consider for an admissible pair (V, g) an element v = {vi}ni=1 ∈ Ng(q−,q+)
with σ = σ([q] rel Q). Let ζκ = (ηκ, ξκ) ∈ H1

σ(R× [0, 1];R2n), the subscript
σ indicated that the boundary condition on the strands is given by the
permutation σ. Define the function

(Fκv ζ
κ)i :=

ˆ

vist + ηi,κs + κ−2(ξi,κt − ηi,κ)

ξi,κs − η
i,κ
t + ξi,κ +N i

˙

,
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where

N i =
“

Vq(t, v
i)− Vq(t, vi + ξi,κ)

‰

+
“

g(t, vi, vit)− g(t, vi + ξi,κ, vit + ηi,κ)
‰

.

This function is constructed in the following way. We hypothesize that
for small κ solutions of (Hg) are almost solutions of (CRκ). So we take our
solution v, embed it into the right setting, and add a variation ζ. If our
hypothesis is indeed true we can find a ζκ for which ι(v) + ζκ is indeed a
solution of (CRκ). As such we turn our problem into a zero finding problem
Fκv (ζκ) = 0 for each small κ. For the case of Morse homology on loop spaces
of Riemann manifolds, Salamon and Weber have shown in [43] that the map
F obtained in a similar way as described above has a unique zero close to 0.
In the next section we shall show that this is still true in our case (i.e. when
considering braids). If we call this unique zero ζκv we have the following
theorem:

Theorem 3.5.8. Let (V, g) be an admissible non-linearity and q−,q+ sta-
tionary solutions of index difference 1, then there exists an κ0 > 0 such that
for all 0 < κ < κ0 we have a bijection τκ : Ng(q−,q+) → Mκ

g (q−,q+),
where the map

τκv := ι(v) + ζκv .

Chapter 6 is dedicated to the proof of this theorem. Since by Proposi-
tion 3.5.7 we have a one-to-one relation of stationary solutions in Mg and
Ng. Combining Proposition 3.5.7 and Theorem 3.5.8 gives us a one-to-one
relation of stationary solutions and of connecting orbits between stationary
solutions of index difference one. The chain complexes defined in the Braid
Morse homology and Braid Floer homology are thus identical. There is how-
ever still a problem. So far we have shown that there is a one-to-one relation
between connecting orbits between stationary points of index difference 1,
for the heat equation and the Cauchy-Riemann equations. Furthermore all
stationary points and connecting orbits of this type are non-degenerate. To
construct the Floer Homology however we need slightly more. We need that
connecting orbits of higher index difference are also transverse. This is not
automatic. We fix this by noting that in [50] generic transversality is shown
without perturbing the almost complex structure. This means for our set-
ting that we can make a perturbation Gg that makes all κ-Floer homologies
definable at once. So all that is left is choosing a Gg that makes both the
(CRκ) as well as the (Hg) transverse. This is possible due to the open and
dense nature of the perturbations.
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3.6 Details of the Salamon-Weber bijection

As mentioned in the previous section we dedicate Section 6 to the proof of
Theorem 3.5.8. We will show the well-definedness of τκ. This means we
have to check that the zero of Fκ which we called ζκv ∈ H1(R × [0, 1];R2n)
exists and afterwards show that ι(v)+ζκv lies in the right braid class. In this
section we will work with the space H1(R× [0, 1];R2n) with modified norms.
These norms will in the end produce the solutions we need to find to prove
that the Salamon-Weber map is well defined and a bijection. The choice of
powers of κ where made so that the estimates work the way we need them
to. For ζ = (η, ξ) we define

‖ζ‖20,κ:= ‖ξ‖2L2(R×[0,1];R2n)+κ
2‖η‖2L2(R×[0,1];R2n), (3.31)

‖ζ‖21,κ:= ‖ζ‖20,κ+κ2‖ζt‖20,κ+κ4‖ζs‖20,κ. (3.32)

3.6.1 Fixed point theorem

We want to apply a fixed point type argument to find a zero of fκ = Fκv seen
as a map from H1(R × [0, 1];R2n) → L2(R × [0, 1];R2n) in neighbourhood
of the point 0, for κ small enough. The idea is to define a contraction in
the neighbourhood of 0. An important ingredient is that we obtain a right
inverse Rκ of dfκ(0) together with a constant c′ > 0 such that

‖Rκζ‖1,κ≤ c′‖ζ‖0,κ for all κ ∈ (0, 1]. (3.33)

We postpone the proof of existence of Rκ and c′ to the appendix. In the
next lemma we use the c′ from (3.33).

Lemma 3.6.1. There exists an ε > 0 independent of κ, such that

sup
‖x‖0,κ≤ε

‖dfκ(x)− dfκ(0)‖L(H1
κ,L

2
κ)
<

1

4c′
. (3.34)

Here H1
κ is shorthand notation for (H1, ‖·‖1,κ), and L2

κ = (L2, ‖·‖0,κ).

Proof. Let us consider the map dfκ(·)−dfκ(0) as a map from L2
κ to L(L2

κ, L
2
κ).

It has the following form for x = (p,q) ∈ L2(R× [0, 1];R2n):

dfκ(x)− dfκ(0) =

ˆ

0 0
A B

˙

, (3.35)

where

A = −Vqq(t,v + q) + Vqq(t,v)− gq(t,v + q,vt + p) + gq(t,v,vt)
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B = −gp(t,v + q,vt + p) + gp(t,v,vt).

Both A and B vanish in x = 0. With a little effort it can be shown that
smoothness and compact support of V and g imply that the map defined in
(3.35) is continuous. This means we can find an ε > 0 such that

sup
‖x‖0,κ≤ε

‖dfκ(x)− dfκ(0)‖L(L2
κ,L

2
κ)
<

1

4c′
. (3.36)

Now composing with the inclusion H1
κ ↪→ L2

κ (which has operator norm ≤ 1)
we obtain (3.34) for any κ > 0.

We now have all the ingredients to define the map that will turn out to
be a contraction on a ball around 0 inside the range of Rκ (which is equal
to the range of D∗ut,u). We need to restrict to this range to be able to prove
that the map is a contraction, but also to make sure the isomorphism τκ

between the homology theories is bijective.

Lemma 3.6.2. Let ε > 0 be as in Lemma 3.6.1. Let Rκ be the operator in
(3.33). Then there exists a κ0 > 0 such that for all 0 < κ < κ0 the map

T κ(x) = x−Rκfκ(x),

seen as a map from Bε = im(Rκ) ∩ Bε(0, ‖·‖1,κ) to itself, is a contraction
with contraction constant λ ≤ 1

4 .

Proof. The reason we need to choose κ0 small emough is to make sure fκ(0)
is small enough to kickstart the contraction argument. We can bound this
value from above as follows:

‖fκ(0)‖0,κ= ‖κvst‖L2 ≤ κC.

This C is independent of κ, and v was the original braid solution we started
out with. It is also independent of κ. We define

κ0 :=
ε

2Cc′
,

so that ‖T κ(0)‖1,κ< ε for all 0 < κ ≤ κ0. Let x,X ∈ Bε We use the
following general Banach mean value theorem estimate for any differentiable
f : X → Y and x, y ∈ X and S ∈ L(X,Y ),

‖f(y)− f(x)− S(y − x)‖≤ ‖y − x‖ sup
τ∈(0,1)

‖df(x+ τ(y − x))− S‖.
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Using that Rκ is a right inverse for df(0) we get

‖T κ(x)−T κ(X)‖1,κ= ‖Rκ pfκ(x)− fκ(X)− dfκ(0)(x−X)q ‖1,κ
≤‖Rκ‖‖x−X‖1,κ sup

τ∈(0,1)
‖pdfκ(τx + (1− τ)X)− dfκ(0)q ‖1,κ

<c′
1

4c′
‖x−X‖1,κ=

1

4
‖x−X‖1,κ. (3.37)

Finally we show that T κ maps the ball to itself. Let ‖x‖1,κ≤ ε. Then

‖T κ(x)‖1,κ≤ ‖T κ(x)− T κ(0)‖1,κ+‖T κ(0)‖1,κ.

Applying (3.37) and the definition of κ0 we see that

‖T κ(x)−T κ(0)‖1,κ+‖T κ(0)‖1,κ≤
1

4
‖x‖1,κ+

1

2
ε < ε for all 0 < κ ≤ κ0.

This means T κ maps the ball to itself.

3.6.2 Salamon-Weber map on braids

We have shown the existence of a unique variation ζκv that when added to
ι(v) produces a connecting orbit of (CRκ) strand-wise. Now we check that
indeed it maps (Legendrian) braids to braids.

Lemma 3.6.3. Let (V, g) be an admissible pair, [q] rel Q be a proper relative
braid class and q± ∈ Crit V ([q] rel Q) be two stationary braids with index
difference one. The map τκ, defined in Theorem 3.5.8, is well defined as a
map from Ng(q−,q+) to Mκ

g (q−,q+).

Proof. There are a few things we need to check. First of all we need that if
v ∈ Ng(q−,q+) then τκ(v)(s, ·) ∈ Xn. This is fairly straightforward to see
since we chose the variations ζκv to be in the space H1

σ, which has the right
boundary conditions. The next thing to check is the behaviour at infinity,
i.e.

lim
s→±∞

pτκvq (s, ·) = ι(q±). (3.38)

Since for ι(v)− τκ(v) ∈ L2(R;H1
σ([0, 1])) we know that

‖ι(v)(s)− τκ(v)(s)‖H1
σ
→ 0 as s→∞.

Since H1([0, 1]) ⊂ C0([0, 1]) holds, (3.38) follows. Finally, we conclude that
τκ(v)(s, ·) is in fact a braid for all s. Namely, since the end points ι(q±)
are in ι([q] rel Q) we know τκ(v)(s) ∈ ι([q] rel Q) since ι([q] rel Q) acts as an
isolating neighbourhood for the dynamics.
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Now that we see that τκ is a well defined map we want to show that it is
a bijection on orbits for appropriately small values of κ. To prove injectivity
we will need the isolation property of connecting orbit solutions of (Hg). For
surjectivity we will the following

Lemma 3.6.4. Let (V, g) be an admissible pair for a relative braid class fiber
[q] rel Q. Furthermore let q± ∈ Crit V ([q] rel Q) with β(q−) − β(q+) = 1.
Then there exists a κ2 > 0 such that for all 0 < κ < κ2 the map τκ defined
in Theorem 3.5.8 is a bijection on the level of the 1-parameter families of
solutions.

Proof. Since (V, g) is an admissible pair all elements of Ng(q−,q+) are non-
degenerate. This means they come in isolated 1-dimensional (translation
invariant) families, of which a finite number can appear. We can choose a
δ > 0 such that for any v,w ∈ Ng(q−,q+) not in the same family

‖v −w‖L2(R×[0,1];Rn)> δ. (3.39)

Now choose κ0 > 0 such that in Proposition 3.6.2 ε0 <
1
4δ. By contradiction

assume that τκ is not injective, then we can find v′,w′ ∈ Ng(q−,q+) on
different 1-parameter families such that τκ(v) = τκ(w), hence

‖ι(v′)− ι(w′)‖0,κ= ‖ζκw′ − ζκv′‖0,κ.

But this means that

‖v′ −w′‖L2≤ ‖ι(v′)− ι(w′)‖0,κ≤ ‖ζκv′‖0,κ+‖ζκw′‖0,κ≤ 2ε0 <
1

2
δ.

This contradicts the isolation inequality (3.39).
For the surjectivity, assume by contradiction the map is not surjective.

Then there exists a sequence of κi → 0 and solutions ui ∈ Mκ
g (q−,q+) of

(CRκ) with κ = κi such that ui /∈ τκi(Ng(q−,q+)). We have that ui must
converge in the C1

loc-norm to an element w ∈ Ng(q−,q+). This is due to
compactness of Ng([q]L rel Q) together with the fact that it cannot converge
to a broken orbit since it would contradict the index difference one. Finally,
we need to see that τκi(w) is in the same family as ui. Due to unicity of
the zero found from the contraction, it suffices to show that if ui → ι(w) in
the C∞loc-norm, then know that ui − ι(w) ∈ im((Dκ

ut,u)∗). This follows from
Proposition 3.A.14.
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APPENDIX

3.A Surjectivity close to adiabatic limit and
uniform bounds on right inverse

The goal of this appendix is to show that the right inverse operator of dfκ(0)
which we named Rκ exists, and is uniformly bounded in κ (see (3.33)). We
focus on a single strand in this section. Meaning all the theory will be
done on periodic scalar functions. We will apply theory developed in [43].
Most of the techniques and lemmas used are identical to the ones written
in [43], but in many cases they turn out easier (as the Riemannian structure
in our theory is essentially just flat), and in some cases they are somewhat
different (as we have specific hypotheses on perturbations required for generic
transversality). First we introduce some norms and operators to work with.
Consider the following norms on the space H1(R × S1;R2). Let ζ = (η, ξ),
then

‖ζ‖20,κ:= ‖ξ‖2L2(R×S1;R)+κ
2‖η‖2L2(R×S1;R), (3.40)

‖ζ‖21,κ:= ‖ζ‖20,κ+κ2‖ζt‖20,κ+κ4‖ζs‖20,κ. (3.41)

Next we define the operators involved, namely for u, v ∈ C∞loc bounded func-
tions we have D0

u : H1,2(R× S1;R)→ L2 given by

D0
uξ := ξs − ξtt + ξ − Vqq(t, u)ξ − gq(t, u, ut)ξ − gp(t, u, ut)ξt. (3.42)
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Now with respect to the standard L2(R× S1;R)-norm we get that the dual
operator is given by

`

D0
u

˘∗
ξ := −ξs− ξtt+ ξ−Vqq(t, u)ξ−gq(t, u, ut)ξ+ pgp(t, u, ut)ξqt (3.43)

Now for the parametric Cauchy-Riemann equations we similarly have the
following operator Dκ

u,v : H1(R× S1;R2)→ L2(R× S1;R2):

Dκ
v,uζ :=

ˆ

ηs + κ−2(ξt − η)
ξs − ηt + ξ − Vqq(t, u)ξ − gq(t, u, v)ξ − gp(t, u, v)η

˙

. (3.44)

here ζ = pη, ξq. The dual operator with respect to the 〈·, ·〉0,κ-inner product
is given by

`

Dκ
v,u

˘∗
ζ :=

ˆ

−ηs + κ−2(ξt − η)− κ−2gp(t, u, v)ξ
−ξs − ηt + ξ − Vqq(t, u)ξ − gq(t, u, v)ξ

˙

. (3.45)

All of the operators above are bounded (but not uniform in κ!). The next
couple of operators are used to compare the operators Dκ for κ = 0 and
κ > 0. Recall ι : H1,2(R× S1;R)→ H1(R× S1;R2) as seen in (3.12):

ιξ = pξt, ξq . (3.46)

The choice for a map in the other direction may seem a bit peculiar at first,
but it turns out that the extra κ’s are an crucial for the estimates. Let
πκ : H1(R× S1;R2)→ H1,2(R× S1;R) given by,

πκ pη, ξq :=

ˆ

1− κ d
2

dt2

˙−1
`

ξ − κ2ηt
˘

. (3.47)

Now the theorem we want to prove is the following.

Theorem 3.A.1. Let (V, g) be an admissible pair and let u be a bounded
solution of (Hg). Then there exists an κ0 > 0 such that for all 0 < κ < κ0
the operator Dκ

ut,u is onto.

The proof of this theorem is subdivided into several lemmas. The first
lemma is an implication of the fact that (V, g) makes the system Morse-
Smale. The second part of this lemma is essentially a statement about a
projection on the image of the dual operator.

Lemma 3.A.2. Let (V, g) be an admissible pair, and let u be a solution to
(Hg), then there exists a constant c1 > 0 such that for all ξ ∈ H1,2(R×S1;R)

‖ξs‖2+‖ξ‖2+‖ξtt‖2≤ c1
∥∥∥`D0

u

˘∗
ξ
∥∥∥
2
. (3.48)
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And for all η ∈ H1,2 the following statement holds:

‖ηs‖2+‖η‖2+‖ηtt‖2≤ c1
´
∥∥∥η − `

D0
u

˘∗
µ
∥∥∥
2

+ ‖D0
uη‖2

¯

for all µ ∈ H1,2.

(3.49)

Proof. Standard results show that D0
u is a Fredholm operator (see for in-

stance [28]). Furthermore since (V, g) is a Morse-Smale non-linearity we get
that D0

u is surjective, and as such (D0
u)∗ is injective. Combining these facts

with the Open Mapping Theorem gives us the result.

The next lemma is a step towards obtained bounds on the operator πκ.
The dependency of the bound on κ will play a crucial role later on.

Lemma 3.A.3. Consider the following bijective operator Sκ :=
´

1− κ d2

dt2

¯−1

from L2(S1;R) → H2(S1;R), then the following inequalities hold for all
ξ ∈ H2(S1;R):

‖Sκξ‖2≤ ‖ξ‖2, (3.50)

‖Sκ(ξt)‖2≤ 2κ−1/2‖ξ‖2, (3.51)

‖Sκ(ξtt)‖2≤ 2κ−1‖ξ‖2. (3.52)

Proof. Define η := Sκξ, then

d2

dt2
|η|2= 2 〈ηtt, η〉+ 2|ηt|2≥ 2κ−1|η|2−2κ−1|η||ξ|≥ κ−1

`

|η|2−|ξ|2
˘

.

Now integration over S1 gives us 0 on the left hand side (integration by
parts) which gives us (3.50). Similarly,

d

dt
〈ηt, η〉 = 〈ηtt, η〉+|ηt|2≥ κ−1|η|2−κ−1|η||ξ|+|ηt|2≥ −κ−1

ˆ

1

4
|ξ|2

˙

+|ηt|2.

Again integration over S1 and noting the lefthand side is zero by partial
integration, as well as noting that ∂t commutes with the operator Sκ gives
us (3.51). The final estimate follows from the first;

κ‖ηtt‖2= ‖η − ξ‖2≤ ‖η‖2+‖ξ‖2≤ 2‖ξ‖2.

Remark 3.A.4. When ξ ∈ H1,2(R × S1) these bounds continue to be true
after replacing the ‖·‖2 norms with ‖·‖L2(R×S1).
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We need to make sure that we can control the way ι and πκ send functions
back and forth between the two settings. We have the following lemma.

Lemma 3.A.5. Let ζ = (η, ξ) ∈ H1, then the following inequalities hold for
all κ < 1:

‖ξ − πκζ‖2 ≤ κ‖ηt‖2+2κ1/2‖ξt − η‖2, (3.53)

‖η − pπκζqt ‖2 ≤ ‖ξt − η‖2+2κ1/2‖ηt‖2, (3.54)

‖ζ − ιπκζ‖0,κ ≤ 2κ1/2‖η − ξt‖2+2κ‖ηt‖2, (3.55)

‖πκζ‖2 ≤ ‖ιπκζ‖0,κ≤ 2‖ζ‖0,κ (3.56)

Proof. Let Sκ be the map defined in Lemma 3.A.3, then

‖ξ − πκζ‖2 = ‖Sκ
`

(ξ − κξtt)− (ξ − κ2ηt)
˘

‖2
= ‖Sκ

`

κ2ηt − κηt + κηt − κξtt
˘

‖2
≤ |κ2 − κ|‖ηt‖2+2κ1/2‖ξt − η‖
≤ κ‖ηt‖2+2κ1/2‖ξt − η‖2,

where we have used (3.50) and (3.51) in the first inequality. Furthermore

‖η − pπκζqt ‖2 = ‖Sκ
`

η − κηtt − (ξt − κ2ηtt)
˘

‖2
= ‖Sκ

`

(η − ξt) + (κ2 − κ)ηtt
˘

‖2
≤ ‖η − ξt‖2+2κ1/2‖ηt‖2,

where we again have used (3.50) and (3.51). We can then use (3.53) and
(3.54) to show (3.55).

The next proposition should be seen as separate from the previous lem-
mas.

Proposition 3.A.6. There exists a c2 > 0 such that for all F,G ∈ C∞c (R2)
and for all κ > 0 the following hold:

‖∂sF‖L2+κ‖∂sG‖L2≤ c2
`

‖∂sF − ∂tG‖L2+κ‖∂sG+ κ−2 p∂tF −Gq ‖L2

˘

.

(3.57)

‖∂sF‖L2+κ‖∂sG‖L2≤ c2
`

‖−∂sF − ∂tG‖L2+κ‖−∂sG+ κ−2 p∂tF −Gq ‖L2

˘

.

(3.58)
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Remark 3.A.7. The proof of the first inequalities can be found in [43],
Appendix C. The proof is very reminiscent of the proof of Lemma 3.5.4.
Once more the inequality is considered on the level of the Fourier transforms,
where the inequality is not difficult to prove. The second inequality follows
from the first after a change of variables s 7→ −s.

We will need the heat operator version of Proposition 3.A.6 as well. The
proof can be found in [25].

Lemma 3.A.8. There exists a c4 > 0 such that for all ξ ∈ H1,2(R×S1) we
have,

‖ξs‖2+‖ξtt‖2≤ c4 p‖±ξs − ξtt‖2+‖ξ‖2q . (3.59)

We now make the first step towards Theorem 3.A.1. We start with a
weak version of the inequality we eventually need to show the surjectivity.

Lemma 3.A.9. There exists a c3 > 0 such that for all ζ = (η, ξ) ∈ H1(R×
S1;R2), the following inequality holds for all 0 < κ ≤ 1,

κ−1‖ξt − η‖2+‖ηt‖2+‖ξs‖2+κ‖ηs‖2
≤ c3

`

‖±ξs − ηt‖2+κ‖±ηs + κ−2(ξt − η)‖2
˘

(3.60)

Proof. First note that

‖ηt‖2≤ ‖±ξs − ηt‖2+‖ξs‖2,

and also

κ−1‖ξt − η‖2≤ κ‖±ηs + κ−2(ξt − η)‖2+κ‖ηs‖2.

Now we can estimate the combination of the ∂s terms using (3.58) to prove
the assertion

Since we know something about the operator D0
u and not so much about

Dκ
ut,u it proves useful to show they are very close to each other. The next

lemma illustrates in what way they are close. Note that eventually we will
need the same to hold true for the dual operators. Since the prove is almost
identical it is included in this lemma.

Lemma 3.A.10. Let (V, g) be an admissible pair and let u be a solution to
(Hg). Then there exists a c5 > 0 such that for all ζ ∈ H1(R × S1;R2) the
following inequality holds,

‖
`

D0
u

˘

πκζ − πκ
`

Dκ
u,ut

˘

ζ‖2≤ c5
´

κ1/2‖ξ‖2+κ‖ηt‖2+‖ξt − η‖2
¯

. (3.61)
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Furthermore,

‖
`

D0
u

˘∗
πκζ−πκ

`

Dκ
u,ut

˘∗
ζ‖2≤ c5

´

κ1/2‖ξ‖2+κ‖ηt‖2+‖ξt − η‖2
¯

. (3.62)

Proof. We will prove (3.62). The proof of (3.61) is very similar. Using
the definitions of the operators involved we get for ζ = (η, ξ), where Sκ =
´

1− κ d2

dt2

¯−1
(see Lemma 3.A.3)

`

D0
u

˘∗
πκζ =

`

D0
u

˘∗ `
Sκ(ξ − κ2ηt)

˘

= Sκ
`

−ξs − ξtt + ξ + κ2(ηts + ηttt − ηt)
˘

−
VqqSκ(ξ − κ2ηt)− gqSκ(ξ − κ2ηt) +

“

gpSκ(ξ − κ2ηt)
‰

t
. (3.63)

Here we used that the partial derivatives and the operator Sκ commute. For
the second term of the lefthand side of (3.61) we can write

πκ
`

Dκ
ut,u

˘∗
ζ = Sκ r−ξs − ηt + ξ − Vqqξ − gqξ−

κ2(−ηst + κ−2(ξtt − ηt)− κ−2(gpξ)t)
‰

. (3.64)

After canceling terms that are equal we are left with

`

D0
u

˘∗
πκζ − πκ

`

Dκ
ut,u

˘∗
ζ =

Sκκ
2 pηttt − ηtq + rSκVqqξ − VqqSκξs + rSκgqξ − gqSκξs

+
“

Sκ(gpξ)t − pgpSκξqt

‰

+ κ2 rVqqSκηt + gqSκηt − (gqSκηt)ts . (3.65)

Step by step we will estimate each of the terms from above by appropriate
terms from the righthand side of (3.62). The first term can be estimated as

‖Sκκ2 pηttt − ηtq ‖2≤ κ2‖Sκηttt‖2+κ2‖Sκηt‖2≤
κ22κ−1‖ηt‖+κ2‖ηt‖2≤ 3κ‖ηt‖2, (3.66)

where we used that κ ≤ 1 as well as (3.50) and (3.52). Next we focus on the
second term (and the third term using the same method) SκVqqξ − VqqSκξ:

‖SκVqqξ − VqqSκξ‖2= ‖Sκ
`

Vqqξ − VqqSκξ + κ pVqqSκξqtt

˘

‖2
= ‖Sκ pVqqξ − VqqSκξ + κVqqttSκξ + 2κVqqtSκξt + κVqqSκξttq ‖2

= ‖Sκ pκVqqttSκξ + 2κVqqtSκξtq ‖2≤ C
´

κ‖ξ‖2+κ1/2‖ξ‖2
¯

. (3.67)
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Here we used that S−1κ = (1 − κ d2

dt2 ) so that Vqqξ = VqqSκξ − κVqqSκξtt.
Furthermore we used (3.50) and (3.51) repeatedly, C depends on the C∞

bounds on g and V . For the fourth term we first note

‖Sκ(gpξ)t− (gpSκξ)t‖2≤ ‖Sκgpξt−gpSκξt‖2+‖Sκgptξ−gptSκξ‖2. (3.68)

The second term on the righthand side is done analogous to the previous
terms. We focus on the first. We first use (3.67) for the terms we have here:

‖Sκgpξt − gpSκξt‖2≤ ‖Sκ pκgpttSκξt + 2κgptSκξttq ‖2
≤ C(2κ1/2‖ξ‖2+2κ‖Sκξtt‖2) ≤
C(κ1/2‖ξ‖2+2κ‖Sκ(ξtt − ηt)‖2+2κ‖Sκηt‖2)

≤ C(2κ1/2‖ξ‖2+4κ1/2‖η − ξt‖2+2κ‖ηt‖2) (3.69)

Here C depends on the C∞-bounds of g, and (3.50), (3.51) are used multiple
times. Finally we use (3.52) and the C∞ bounds of g to show that for the
last term the following holds,

‖κ2 rVqqSκηt + gqSκηt − (gqSκηt)ts ‖2≤ Cκ‖ηt‖2.

Putting all the estimates into one inequality we then obtain (3.62)

Finally we reach the key estimate in the proof of Theorem 3.A.1. As
it is a non-trivial and essential part of both Theorem 3.A.1 and Theorem
3.A.13 I have opted to call it a theorem. It is essentially a stronger version
of Lemma 3.A.9.

Theorem 3.A.11. There exists a constant c6 > 0 such that for all ζ =
(η, ξ) ∈ H1,

κ−1‖ξt − η‖2+‖ηt‖2+‖ξs‖2+κ‖ηs‖2≤

c6

´

‖(Dκ
ut,u)∗ζ‖0,κ+κ−1/2‖ξ‖2

¯

. (3.70)

There is also a similar result for Dκ
ut,t with slightly different terms due to

the different terms that appear in the dual operator:

κ−1‖ξt−η‖2+‖ηt‖2+‖ξs‖2+κ‖ηs‖2≤ c6
´

‖Dκ
ut,uζ‖0,κ+κ−1/2‖ξ‖2+‖η‖2

¯

.

Proof. We will proof (3.70). The other inequality is done in the same fashion.
Note that this theorem is very close to Lemma 3.A.9. The difference is
in the exponents of the κ-terms. To prove this inequality we will use the
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projection πκ and split our left-hand side in two parts: the image of the
projection and the complement. Let ζ = (η, ξ) ∈ H1, F (ζ) := −ξs − ηt and
G(ζ) := −ηs + κ−2(ξt − η), as well as ζ0 := ιπκζ, and ζ1 := ζ − ζ0. This
gives us η0 = (ξ0)t and

ξ1 − κ(η1)t = (κ2 − κ)ηt. (3.71)

Since F and G are linear maps they split into two components F0 + F1 and
G0 +G1 with respect to the decomposition ζ = ζ0 + ζ1. Then

F0 = −(ξ0)s − (ξ0)tt and G0 = −(ξ0)st. (3.72)

Now we can estimate the left-hand side of (3.70) by splitting ζ = ζ0 + ζ1:

κ−1‖ξt−η‖2+‖ηt‖2+‖ξs‖2+κ‖ηs‖2
≤ ‖(ξ0)tt‖2+‖(ξ0)s‖2+κ‖(ξ0)st‖2+κ−1‖(ξ1)t − η1‖2
+ ‖(η1)t‖2+‖(ξ1)s‖2+κ‖(η1)s‖2
≤ c4(‖F0‖2+‖ξ0‖2) + κ‖G0‖2+c3(‖F1‖2+κ‖G1‖2),

where c3 and c4 were defined in Lemma 3.A.9 and 3.A.8 respectively. We
can estimate the righthand side of the previous as follows:

c4(‖F0‖2+‖ξ0‖2) + κ‖G0‖2+c3(‖F1‖2+κ‖G1‖2)

≤ C(‖F‖2+κ‖G‖2+‖F0‖2+κ‖G0‖2+‖ξ0‖2),

for some C > 0 independent of κ.
The term ‖ξ0‖2: We know ξ0 = Sκ(ξ − κ2ηt) and by (3.50) we can

estimate this by,

‖ξ0‖2≤ ‖ξ‖2+κ2‖ηt‖2. (3.73)

The term ‖F0‖2: Consider the following identity;

S−1κ F0 − F + κ2Gt =
`

−ξs + κ2ηst − ξtt + κ2ηttt
˘

−
`

−ξs − ηt) + κ2(−ηst + κ−2(ξtt − ηt)
˘

= κ2ηttt

By applying Sκ on both sides, using the triangle inequality and applying
(3.51), we obtain

‖F0‖2≤ ‖F‖2+2κ3/2‖G‖2+2κ‖ηt‖2. (3.74)

Again using (3.50).
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The term κ‖G0‖2: By definition

G0 = Sκ(−ξst − κ2ηstt),

so after applying (3.51) twice we obtain

κ‖G0‖2≤ 2κ1/2‖ξs‖2+2κ2‖ηs‖2. (3.75)

After choosing κ sufficiently small we can take all the terms that do not
contain F and G to the left hand-side, we are left with:

κ−1‖ξt − η‖2+‖ηt‖2+‖ξs‖2+κ‖ηs‖2≤ C(‖F‖2+κ3/2‖G‖2). (3.76)

Finally, (3.70) follows after noting that there exists a C > 0 such that,

‖F‖2≤ C(‖Pξ(Dκ
ut,u)∗ζ‖2+‖ξ‖2) ≤ C(‖(Dκ

ut,u)∗ζ‖0,κ+‖ξ‖2),

and

κ3/2‖G‖2≤ C(κ3/2‖Pη(Dκ
ut,u)∗ζ‖2+κ3/2κ−2‖ξ‖2) ≤

C(‖(Dκ
ut,u)∗ζ‖0,κ+κ−1/2‖ξ‖2). (3.77)

Here Pξ is the projection onto the ξ variable and Pη onto the η-variable

Remark 3.A.12. An important corollary of the theorem combined with
Lemma 3.A.10 and Lemma 3.A.5 is that we can find a constant C > 0
independent of κ such that,

‖ξ − πκζ‖2+‖(D0
u)∗πκζ − πκ(Dκ

ut,u)∗ζ‖2≤

C
´

κ‖(Dκ
ut,u)∗ζ‖0,κ+κ1/2‖ξ‖2+κ2‖η‖2

¯

. (3.78)

By the same argument we can find a C > 0 independent of κ,

‖η − (πκζ)t‖2+‖(D0
u)∗πκζ − πκ(Dκ

u,ut)
∗ζ‖2≤

C
´

κ1/2‖(Dκ
ut,u)∗ζ‖0,κ+‖ξ‖2+κ3/2‖η‖2

¯

. (3.79)

The ‖η‖2 terms that appear in both inequalities are technically not necessary,
but when writing down the similar inequalities for Dκ

ut,u they do appear.
Since the inequality still holds for the dual operator we add those terms for
symmetry arguments.

We have all the ingredients now to prove Theorem 3.A.1.
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Proof of Theorem 3.A.1. We first show existence of a C > 0 independent of
κ such that

‖ζ‖0,κ≤ ‖ξ‖2+κ‖η‖2≤ C
`

κ‖(Dκ
u,ut)

∗ζ‖0,κ+‖πκ(Dκ
u,ut)

∗ζ‖2
˘

(3.80)

We will estimate ξ and η separately.

‖ξ‖2≤ ‖ξ − πκζ‖2+‖πκζ‖2
≤ ‖ξ − πκζ‖2+c1‖(D0

u)∗πκζ‖2
≤ ‖ξ − πκζ‖2+c1‖(D0

u)∗πκζ − πκ(Dκ
u,ut)

∗ζ‖2+c1‖πκ(Dκ
u,ut)

∗ζ‖2

≤ (1+ c1)C
´

κ‖(Dκ
ut,u)∗ζ‖0,κ+κ1/2‖ξ‖2+κ2‖η‖2

¯

+ c1‖πκ(Dκ
u,ut)

∗ζ‖2

≤ (1 + c1)Cκ‖(Dκ
ut,u)∗ζ‖0,κ+c1‖πκ(Dκ

ut,u)∗ζ‖2

+ (1 + c1)C
´

κ1/2‖ξ‖2+κ2‖η‖2
¯

. (3.81)

Here c1 is the constant obtained in Lemma 3.A.2 and C is the constant that
appears in (3.78).

Next we wish to estimate ‖η‖2.

‖η‖2≤ ‖η − pπκζqt ‖2+‖pπκζqt ‖2
≤ ‖η − pπκζqt ‖2+c1‖(D0

u)∗πκζ‖2
≤ ‖η − pπκζqt ‖2+c1

`

‖(D0
u)∗πκζ − πκ(Dκ

u,ut)
∗ζ‖2+‖πκ(Dκ

u,ut)
∗ζ‖2

˘

≤ (1 + c1)Cκ1/2‖(Dκ
ut,u)∗ζ‖0,κ

+ c1‖πκ(Dκ
u,ut)

∗ζ‖2+(1 + c1)C
´

‖ξ‖2+κ3/2‖η‖2
¯

. (3.82)

Here c1 is the constant obtained in Lemma 3.A.2 and C is the constant that
appears in (3.79).

we then choose κ0 > 0 small enough so that for all 0 < κ < κ0

2(1 + c1)Cκ1/2 <
1

2
and (1 + c1)(κ2 + κ5/2) <

1

2
κ1/2.

Then putting the estimates for ξ and η together, and using κ < κ0 we can
take the ‖ξ‖2 and ‖η‖2 terms to the left hand side and are left with (3.80).

Using Theorem 3.A.11 and (3.80) we aquire for some c > 0 independent
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of κ,

‖ζ‖1,κ ≤ ‖ξ‖2+κ‖η‖2+κ‖ξt‖2+κ2‖ηt‖2+κ2‖ξs‖2+κ3‖ηs‖2
≤ ‖ξ‖2+2κ‖η‖2+κ2

`

κ−1‖ξt − η‖2+‖ηt‖2+‖ξs‖2+κ‖ηs‖2
˘

≤ cκ2‖(Dκ
ut,u)∗ζ‖0,κ+c‖ζ‖0,κ (3.83)

≤ cκ2‖(Dκ
ut,u)∗ζ‖0,κ+cCκ‖(Dκ

ut,u)∗ζ‖0,κ+cC‖πκ(Dκ
ut,u)∗ζ‖2

≤
`

cκ2 + cCκ+ cC
˘

‖(Dκ
ut,u)∗ζ‖0,κ.

From this it follows that (Dκ
ut,u)∗ is injective and as such Dκ

ut,u is onto. This
holds as long as κ < κ0.

We have shown that the operator Dκ
ut,u is surjective and (Dκ

ut,u)∗ is
injective. This allows us to define a right inverse for Dκ:

Rκ := (Dκ
ut,u)∗

`

Dκ
ut,u(Dκ

ut,u)∗
˘−1

.

Furthermore it turns out that Rκ is uniformly bounded (uniform in κ). In
order to show this we must use an argument similar to the ones used in the
proof of Theorem 3.A.1.

Theorem 3.A.13. There exists an κ0 > 0 and a C > 0 such that for all
0 < κ < κ0 we have for all ζ ∈ H1

κ for which D∗ut,uζ ∈ H1
κ the following

estimate:

‖Dκ∗
ut,uζ‖1,κ≤ C‖D

κ
ut,uD

κ∗
ut,uζ‖0,κ. (3.84)

Note that (3.84) tells us that the right inverse is uniformly bounded.

Proof. We will start analogous to (3.83) in the proof of Theorem 3.A.1:

‖Dκ∗
ut,uζ‖1,κ≤ c(κ

2‖Dκ
ut,uD

κ∗
ut,uζ‖0,κ+‖Dκ∗

ut,uζ‖0,κ) (3.85)

We want to project on the image of πκ. Denote ζ∗ := Dκ∗
ut,uζ, then using

(3.49) we obtain the following estimate,

‖πκζ∗‖2≤ c1
`

‖πκζ∗ − (D0
u)∗πκζ‖2+‖D0

uπκζ
∗‖2

˘

≤ c1
`

‖πκζ∗ − (D0
u)∗πκζ‖2+‖D0

uπκζ
∗ − πκDκ

ut,uζ
∗‖2+‖πκDκ

ut,uζ
∗‖2

˘

≤ c1c5
´

κ1/2‖ξ‖2+κ‖ηt‖2+‖ξt − η‖2
¯

+ c1c5

´

κ1/2‖ξ∗‖2+κ‖η∗t ‖2+‖ξ∗t − η∗‖2
¯

+ c1‖πκDκ
ut,uζ

∗‖2

≤ c1c5c6
´

κ‖ζ∗‖0,κ+2κ1/2‖ξ‖2
¯

+ c1c5c6

´

‖(Dκ
ut,u)ζ∗‖0,κ+2κ1/2‖ξ∗‖2+κ2‖η∗‖2

¯

+ c1‖πκDκ
ut,uζ

∗‖2

≤ ακ1/2‖ζ∗‖0,κ+c1‖πκDκ
ut,uζ

∗‖2+c1c5c6κ‖(Dκ
ut,u)ζ∗‖0,κ, (3.86)
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where α > 0 is some constant independent of κ (depending on c1, c5 and c6).
We also use

‖ζ‖0,κ≤ C‖ζ∗‖0,κ,

which appears in the proof of Theorem 3.A.11. To estimate the other term
on the right hand side of (3.85) we use that

‖ζ∗‖0,κ ≤ ‖ζ∗ − ιπκζ∗‖0,κ+‖ιπκζ∗‖0,κ
≤ 2‖η∗ − ξ∗t ‖2+2κ‖η∗t ‖2+‖πκζ∗‖2+κ‖(πκζ∗)t‖2
≤ 2c5κ‖Dκ

ut,uζ
∗‖0,κ+‖πκζ∗‖2+(2 + 2c5)κ1/2‖ζ∗‖0,κ.

Now combining the two inequalities we end up with

‖ζ∗‖0,κ≤(2c5 + c1c5c6)κ‖Dκ
ut,uζ

∗‖0,κ+(2 + 2c5 + α)κ1/2‖ζ∗‖0,κ
+c1‖πκDκ

ut,uζ
∗‖2

So we need only estimate ‖πκDκ
ut,uζ

∗‖2, but from (3.56) we obtain directly
that

‖πκDκ
ut,uζ

∗‖2≤ 2‖Dκ
ut,uζ

∗‖0,κ.

So putting everything together we get:

‖ζ∗‖1,κ≤
`

κ2 + κ(2c5 + c1c5c6) + 12c1
˘

‖Dκ
ut,uζ

∗‖0,κ+(2+2c5+α)κ1/2‖ζ∗‖0,κ.
(3.87)

Now choose κ small enough so that (2 + 2c5 + α)κ1/2 < 1/2 and take the
last term to the other side. This proves (3.84).

The next proposition is necessary for the local surjectivity of the Salamon-
Weber map. In Section 6 the local surjectivity is used to show global surjec-
tivity.

Proposition 3.A.14 (Theorem 4.3 from [43]). Fix a solution u ∈ Ng(q−,q+).
Let (ηκ, ξκ) = ζκ ∈ H1

κ such that u + ζκ ∈ Mκ
g (q−,q+), ‖ξκ‖C0≤ cκ1/2,

‖ηκ‖C0≤ C and ‖ξκ‖2≤ cκ1/2. Then there exists a κ0 > 0 such that for any
0 < κ ≤ κ0 there exists a σ ∈ R for which

ζκ(σ + ·, ·) ∈ im((Dκ
ut,u)∗).

For completeness a sketch of the proof will be given below. The detailed
proof (in a slightly different setting) can be found in Chapter 9 of [43].
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Sketch of the proof. First, note that (im((Dκ)∗)⊥ = ker(Dκ). By Theorem
3.A.1 we know that for κ small enough Dκ is surjective. It is also Fredholm
of index 1. As such we know its kernel is 1-dimensional. A non-zero vector
in it is

Zκ := (∂sut, ∂su)−RκDκ(∂sut, ∂su).

We define

θκ(σ) = −〈Zκσ , ζκσ 〉0,ε

where the subindex σ stands for σ-translated in the s-variable. Hence we
are done if we can find (for κ small enough) a σ̃ such that θκ(σ̃) = 0. This
is shown in two steps.

Step 1: It is shown that there exists a c > 0 such that

θκ(0) ≤ c(κ2 + ‖ξκ‖2).

This inequality is shown using the uniform bounds on the solutions and the
Theorems proven in this appendix.

Step 2: There exists a c2 > 0 independent of κ such that

d

dσ
θκ(σ) ≥ c2.

Crucial in showing this inequality was that d
dσ θ

κ approximates ‖∂su‖22 for
small κ. Now, from step 1 and 2 and from the fact that by the assumption
of the proposition we had ‖ξκ‖2≤ cκ1/2, we have existence of a zero σ ∈ R
of θκ for all κ small enough.
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CHAPTER 4

DISCRETE BRAID
INVARIANTS

4.1 Introduction

The use of topological tools in qualitative analysis of differential equation
has a very broad and succesful history. A lot of theory has been devel-
oped to relate the dynamics on manifolds to the topology of these spaces.
Specifically gradient systems are very well understood by looking only at
the topology and geometry of the underlying space. Groundbreaking work
was done by Morse in [33] when he related critical points of functions on
a manifold to the homology groups of the manifold. Nice overviews are
given in [32], [31] and [45]. Going from finite dimensional systems to infi-
nite dimension brought forth new challenges that needed to be overcome. A
general infinite Morse theory approach was developed in [1] and [2]. Here
the authors try to construct a Morse Homology for general gradient flows
on Banach manifolds. More specifically catered to Hamiltonian equations
and symplectic geometry is the work started by Floer in for instance [18]
and [19]. The work concentrates on finding periodic solutions of Hamilto-
nian equations. These periodic solutions then play the role of the critical
points in the Morse theory. One issue is that the spectrum of the linearized
equations around the solutions is strongly indefinite, hence no Morse index
can be defined. The solution is to use a relative Morse index, named the
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Figure 4.1: An example of a braid diagram

Conley-Zehnder index [13]. Again a topological invariant can be defined,
the Floer homology, that counts the number of Cauchy-Riemann cylinder
solutions between the periodic orbits. For a review of these definitions and
results consider [41], [42].

In [50] a different approach is introduced to find solutions of periodic or-
bits for Hamiltionian equations on the disk D2. This approach involves the
theory of braid diagrams. A braid diagram is a collection of continuous func-
tions from the interval to D2 such that the end points are identified according
to a permutation and such that the strands, when considered as graphs in
the same picture never intersect. See Figure 4.1 for an example of a braid.
Braid diagrams are a generalisation of integer-periodic functions since one
can extend the braid into a collection of periodic functions by invoking the
permutation boundary conditions. The authors of [50] then consider a fixed
periodic solution of Hamiltons equations and turn it into a braid. This braid
will be refered to as the skeleton. Cutting an l-periodic functions into l func-
tions from the interval to the disk with a permutation boundary condition
makes a periodic function into a braid. The next step is to construct a Floer
homology of solutions for the Cauchy-Riemann equations that stay inside a
given isolating neighbourhood. This isolating neighbourhood is constructed
by braiding a function through the skeleton and considering all braids that
can be isotoped to the function without going though the skeleton. Then
through classical methods a Floer homology is constructed from the periodic
orbits of the Hamiltonian equations and connecting Floer trajectories that
stay inside the isolating neighbourhood. An immediate result is that if this
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Floer homology is non-trivial a periodic solution exists inside the isolating
neighbourhood. One thing that one might do is to construct infinitely many
periodic solutions by choosing appropriate isolating neighbourhoods. As in
the case of the classic Floer homology, this homology turns out to also be
independent of the Hamiltonian and the almost complex structure. More-
over it also turns out to be independent of exactly which solution we already
know exists. Two skeleta that can be isotoped to each other produce the
same Floer homology. As such for a fixed braid class x rel X (X is the skele-
ton, and x denotes the particular class we are looking at) it is called the
Braid Floer homology and denoted HF?([x rel X]).

In general one does not want to construct the Floer homology by finding
all of the relevant solutions of the Cauchy-Riemann equations. The first
steps towards computation of this homology without computing any of the
solutions were made in Chapter 2. A new invariant is constructed for a
special class of braids and Hamiltonians. This Braid Morse homology is
constructed by considering periodic solutions of the scalar ODE

qtt − q + Vq(t, q) = 0. (4.1)

with their Morse indices. Once more, the number of connecting orbits is
counted, this time not using a Cauchy-Riemann equation but rather using
the parabolic equation

qs − qtt + Vq(t, q) + g(t, q, qt) = 0. (4.2)

Here g is a small perturbation that is added to ensure transversality of the
connecting orbits (but it leaves the stationary solutions fixed). In other
words, the stationary solutions of (4.2) are the solutions of (4.1). The def-
inition of the Braid Morse homology takes advantage of the fact that the
behaviour of zeros of solutions of parabolic equations is very well under-
stood, for instance in [5], [4]. In Section 2 the construction of the Braid
Morse homology is summarized.

In Chapter 3 it was then shown that the Braid Floer homology and
the Braid Morse homology are isomorphic for an appropriate choice of braid
class, namely for Legendrian braid classes where the braids have only positive
crossings (see [7] or Definition 4.2.1). By Garside’s theorem we can find for
any braid class x rel X a representative x′ rel X′ such that

• x′ rel X′ has only positive crossings,

• x rel X is isotopic to x′ rel X′ ·∆−2N .

Here ∆2 is a full forward twist of the strands. Now we can find a Legendrian
braid representation q rel Q of x′ rel X′ such that x′ = (qt,q) and X′ =
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(Qt,Q). Furthermore the full twist has the following effect on the level of
homology:

Proposition 4.1.1 (Thm. 12.2 in [50]). Let [x rel X] be a proper relative
braid class where x has n strands, then

HF?([x rel X ·∆2]) ∼= HF?−2n([x rel X]).

From Chapter 3 we know that there exists an isomorphism between the
Braid Floer homology and the Braid Morse homology:

Proposition 4.1.2 (Thm. 1.1 in [26] or Thm 3.1.1 in Chapter 3). Let
[x rel X] be a proper relative braid class with a Legendrian representative
q rel Q. Then

HF?([x rel X]) ∼= HM?([q rel Q]).

The computation of the Braid Floer homology is now equivalent to com-
putation of the Braid Morse homology for the Legendrian representative
found by adding full twists to the braid class. In this article we seek to find
show that the Braid Morse homology is isomorphic to a third invariant. This
invariant is defined in Section 3. It is a finite dimensional invariant found
by discretising the braid class. The closure of this discrete braid class is a
collection of hypercubes that forms an isolating invariant for a finite dimen-
sional flow. This allows us to define a Morse homology M? for the discrete
braid class. This invariant have been studied in [23], [24] and [49]. They turn
out to be computable. The idea is now that for a fine enough discretisation
this discrete invariant is isomorphic to the Braid Morse homology.

Theorem 4.1.3. Let [q] rel Q be a proper relative braid class fiber (Defini-
tion 4.2.5). Then there exists a d0 ∈ N such that for all d ≥ d0 there exists
a discrete braid qd rel Qd for which

M∗([qd rel Qd]) ∼= HM∗([q rel Q])

The philosophy of the proof is very similar to the proof of the isomor-
phism between Braid Morse homology and Braid Floer homology in Chapter
3. The biggest difference is that we need to interpolate from discrete spaces
to continuous spaces and discretise in the other direction. Another big differ-
ence is that the stationary solutions for the discrete and continuous systems
are not immediately the same (this was the case for the appropriate choice
of Hamiltonian in the Floer-Morse isomorphism). Furthermore, in Chapter
3 we considered a limit of κ → 0, where κ was a parameter in the almost-
complex structure. In this article the idea is that we send the discretisation
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parameter d to∞. In Section 5 we show that for a discretisation fine enough
there is a one-to-one relation between the stationary solutions . Then in Sec-
tion 6 the same approach is taken to show that there is a one-to-one relation
between connecting orbits. This then implies that the invariants are in fact
the same.

Finally Section 7 is dedicated to the final step in the computation of the
Braid Floer homology. We reduced the computation to the computation of
a finite dimensional Morse homology. This still requires us to know about
all the solutions of this ODE. This is why we define a final discrete invariant,
namely the Conley Index. Since the discrete braid classes are isolating neigh-
bourhoods for the dynamics that are central in the Morse homology classic
results give us that the Morse homology is isomorphic to the Homological
Conley Index of this isolating neighbourhood. As mentioned before this iso-
lating neighbourhood is a hypercube complex with certain boundary data.
This is a very computable invariant (for an example see Section 8). Another
important result for this Conley index is that it is independent of the choice
of discretisation. This means that we will get feasible upper bounds on the
required discretisation required to do the computation. In conclusion this
means we can compute Braid Floer homology using discretisations.

4.2 Braid classes and invariants

4.2.1 Legendrian braid classes

In Chapter 2 we have defined the configuration space and continuous (Leg-
endrian) braids q as follows.

Definition 4.2.1. The (Legendrian) configuration space Xn is defined as
the set of all ordered collections of strands q = (q1, . . . , qn) ∈

`

C1([0, 1];R)
˘n

such that there exists a permutation σ ∈ Sn for which,

qk(1) = qσ(k)(0) qk(1) = q
σ(k)
t (0) for all k ∈ {1, . . . , n}. (4.3)

We define the space of braids as those elements in the configuration
space for which the strands seen together in the same diagram intersect only
transversally.

Definition 4.2.2. The space of all (Legendrian) braid diagrams on n strands,
denoted by Ωn, is the space of all elements q ∈ Xn such that

pqα(t), qαt (t)q 6=
´

qα
′
(t), qα

′

t (t)
¯

for all t ∈ [0, 1] and all α 6= α′. (T)
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Remark 4.2.3. Note that property (T) is an open condition with respect to
the C1-norm on the spaces.

The permutation will usually be assumed known and not explicitly named
when using braids. We will denote the path component of a braid diagram
q ∈ Ωn as [q]. Note that this contains all elements in Ωn that can be isotoped
to q without breaking the braid property (T).

If we consider the closure of the space Ωn within Xn we can look at the
boundary of Ωn, which will be denoted by Σn, the space of critical braids,
i.e.

Σn := cl(Ωn)− Ωn. (4.4)

Definition 4.2.4. Let q ∈ Ωn. Then the periodic extension of a strand qk

is a function in C1(R) given by,

qk(t) : x = qσ
[t](k)(t− [t]).

Here [t] is the integer part of t.

We can identify two parts of the boundary of the space of braids. On the
one hand we have the collapsed braids

Σn− := {q ∈ Xn : there exist k 6= k′ such that qk ≡ qk
′
}. (4.5)

And on the other hand we have the non-collapsable braids

Σn+ := Σn − Σn−. (4.6)

In our theory we want to consider braids diagrams with two colors, i.e.
we want a way to consider two braids in the same diagram. Given two braids
q ∈ Ωn and Q ∈ Ωm we can look at the union of all the strands in a single
ordered collection, q ∪ Q ∈ Xn+m. If q ∪ Q ∈ Ωn+m this will be called a
relative braid and denoted by q rel Q.

If we consider the projection π2 : Xn+m → Xm we can look at the relative
braid class fiber for Q′ ∈ [Q]

[q] rel Q′ := [q rel Q] ∩ π−12 (Q′). (4.7)

To define the braid invariant we want to use, we introduce the notion of
proper braid class.

Definition 4.2.5. We call a relative braid class [q rel Q] proper if for all
fibers [q] rel Q′ we have the following,
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• There exists a compact K ⊂ R such that for all q′ ∈ [q] rel Q′ and each

strand q′
k

of q′ we have

q′
k
([0, 1]) ⊂ K.

• cl([q] rel Q′) ∩ Σn+m ⊂ Σn+m+ .

For the rest of this article a proper relative braid class fiber will be a fiber
inside a proper relative braid class.

When we have chosen a Q′ ∈ [Q] we will sometimes interpret [q] rel Q′

as a subset of Xn or Ωn.

4.2.2 Braid Morse homology

If we wish to define Braid Morse Homology we need to introduce some dy-
namics on the spaces of braids. The dynamics will be described with a
parabolic equation

us − utt + u− Vu(t, u)− g(t, u, ut) = 0. (4.8)

The role of V and g is explained below.

Definition 4.2.6. V is the set of all (potential) functions V ∈ C∞c (R× R)
that are 1-periodic in the first variable:

V (t+ 1, q) = V (t, q) for all (t, q) ∈ R× R.

The function g that appears in (4.8) is to be thought of as a small per-
turbation. It is required to make sure that generically connecting orbits will
be transverse. Stationary solutions however can be made generically non-
degenerate before adding the perturbation g. The idea is now to choose a
perturbation g that simultaneously makes the connecting orbits transverse
while leaving the stationary solutions unperturbed.

We say that Q ∈ Xm is a stationary solution for V ∈ V if the strands
satisfy

Qktt(t)−Qk(t) + Vq(t, Q
k(t)) = 0 for all k ∈ {1, . . . , n}. (4.9)

We will use the following short hand notation for (4.9) and other equations
on the spaces of braids:

Qtt −Q + Vq(t,Q) = 0.
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We denote the space of all stationary solutions by Crit V (Xn). If we have
a stationary braid solution of (4.9) (a solution Q ∈ Ωn) we can consider the
space of all solutions that lie in a braid class fiber,

Crit V ([q] rel Q) := Crit V (Xn) ∩ [q] rel Q. (4.10)

Definition 4.2.7. We call a stationary braid solution q of (4.9) non-degenerate
if the linearized operator Lq : H2

σ([0, 1];Rn)→ L2([0, 1];Rn), given by

Lqξ := ξtt − ξ + d2V (t,q)ξ,

is an injective operator. Here the space H2
σ is to be understood as the space

with boundary conditions given by the permutation σ = σ(q) (can be seen as
a subset of Xn).

In Chapter 2 it is shown that for a proper relative braid class fiber [q] rel Q
there exists a dense subset Vm ⊂ V such that the space Crit V ([q] rel Q)
consists of a finite number of non-degenerate solutions. We can assign a
Morse index β(q′) ∈ Z≥0 to each non-degenerate solution. All the details
can be found in Chapter 2.

The next step is to look at connecting orbits between different braid
solutions of (4.9). These will be described by the parabolic equation (4.8).

Definition 4.2.8. Let V ∈ Vm and g ∈ C∞(R/Z × R2), then we call u :
R→ Xn a time-dependent solution if for all s ∈ R and t ∈ [0, 1] and for all
the strands uk of u

uk(s, t)−uktt(s, t)+uk(s, t)−Vu(t, uk(s, t))−g(t, uk(s, t), ukt (s, t)) = 0. (4.11)

Again a short hand notation is used:

us − utt + u− Vu(t,u)− g(t,u,ut) = 0.

We denote the space of all time-dependent solutions on n strands by
Mg(Xn;V ) and introduce

Mg([q] rel Q;V ) := {u ∈Mg(Xn;V ) : u(s) ∈ [q] rel Q for all s ∈ R}.
(4.12)

We focus our attention on special time-dependent solutions called connecting
orbits.

Definition 4.2.9. For two stationary braids q−,q+ ∈ Crit V (Xn) a time
dependent solution u of (4.11) is called a connecting orbit between q− and
q+ if

lim
s→±∞

u(s) = q±.
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We denote the space of all connecting orbits between q− and q+ by
Mg(q

−,q+;V ).

Similar to stationary solutions we define what it means for a connecting
orbit to be non-degenerate.

Definition 4.2.10. We call u ∈ Mg(q
−,q+;V ) non-degenerate if the op-

erator

Duξ := ξs−ξtt+ξ−d2V (t,u(s))ξ−∇ug(t,u(s),ut(s))ξ−∇utg(t,u(s)ut(s))ξt

is surjective as an operator H1,2
σ (R× [0, 1];Rn)→ L2(R× [0, 1];Rn).

Note the discrepancy between equations (4.9) and (4.11): the g term
does not appear in the stationary solutions. We fix this issue by choosing
perturbations g such that the stationary solutions of (4.11) coincide with
solutions of (4.9).

Definition 4.2.11. For a proper relative braid class fiber [q] rel Q and V ∈
Vm. We call (V, g) an admissible pair if the stationary solutions of (4.11)
coincide with Crit V ([q] rel Q) and Mg([q] rel Q) consists of non-degenerate
connecting orbits only.

It turns out that for any V ∈ Vm we can add a perturbation g of C∞-
norm as small as we would like that makes our system Morse-Smale and
gradient like.

Theorem 4.2.12 (Theorem 2.6.12). Let [q] rel Q be a proper relative braid
class fiber and V ∈ Vm. Then for all ε > 0 there exists a g ∈ C∞(R/Z ×
R2) with ‖g‖C∞< ε such that (V, g) is an admissible pair and for any two
q± ∈ Crit V ([q] rel Q) the space Mg(q

−,q+;V ) is a manifold of dimension
β(q−)− β(q+).

Finally we will need the following proposition that tells us what kind of
behaviour we can expect when it comes to proper relative braid class fibers.
The idea behind this proposition is to use a braid class invariant, namely the
number of intersections in the diagram, as a ‘discrete Lyapunov function’.

Definition 4.2.13. For a braid q ∈ Ωn define the intersection number

I (q) :=
1

2

∑
k 6=k′

Z(qk − qk
′
) ∈ N,

where Z(·) is the number of zeroes of the function.
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Proposition 4.2.14 (Proposition 2.3.8). Let [q] rel Q be a proper relative
braid class fiber and let u ∈Mg(Xn;V ) such that there is a time s0 for which
u(s0) rel Q ∈ Σn+m. Then there exists a δ > 0 such that u(s) rel Q ∈ Ωn+m

for s ∈ [s0 − δ, s0 + δ]− {s0}. Moreover,

I (u(s0 − δ)) > I (u(s0 + δ)).

An immediate consequence of this proposition is that once a solution u
leaves a braid class it can never return to the same braid class. In other
words, braid classes are isolating neighbourhoods.

We list a few properties of the solution sets.

Proposition 4.2.15. Let [q] rel Q be a proper relative braid class fiber. Then
the space Mg([q] rel Q) is compact with respect to the C1

loc norm.

Another important result from Chapter 2 is that we can characterise all
bounded solutions that lie in a given braid class fiber.

Proposition 4.2.16. Let (V, g) be a Morse-Smale pair for a proper relative
braid class fiber [q] rel Q. Then we can decompose the space of bounded
solutions as follows:

Mg([q] rel Q) =
⋃

r,r′∈Crit V ([q] relQ)

Mg(r, r
′).

One final remark about the Legendrian systems is that if we take (V, g) a
Morse-Smale pair all solutions are isolated. Time-dependent solutions come
in 1-parameter families. This parameter comes from the time-translation
due to fact that the equations are all autonomous.

Lemma 4.2.17. Let [q] rel Q a proper relative braid class fiber and (V, g) a
Morse-Smale pair. Then there exists a α > 0 such that

1. For all q′ 6= q′′ ∈ Crit V ([q] rel Q):

‖q′ − q′′‖H2([0,1];Rn)> α. (4.13)

2. For all u,u′ connecting orbits between the same stationary braids, but
not in the same family:

‖u− u′‖H1,2(R×[0,1];R2)> α. (4.14)

This lemma is important because as long as we stay α-close to the original
solutions we make sure that approximate solutions will in fact converge to
the right solution.

Finally we get to the definition of the Braid Morse homology. We define
the following chain complex:
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Definition 4.2.18. Let [q] rel Q be a proper relative braid class fiber, and
(V, g) an admissible pair. We define the chain groups as

Ck([q] rel Q) := Z/2Z · {q′ ∈ Crit V ([q] rel Q) : β(q′) = k} .

The chain map ∂k = ∂k([q] rel Q, (V, g)) : Ck → Ck−1 is defined as follows:

∂kq
′ :=

∑
q′′∈Ck−1

n(q′,q′′) · q′′.

Here n(q′,q′′) := #Ng(q′,q′′)/R. This is well defined since Ng(q′,q′′)/R is
a compact 0-dimensional manifold and as such consists of a finite number
of points.

Theorem 4.2.19. Let [q rel Q] be a proper relative braid class, and let (V, g)
an admissible pair. Then (C?, ∂?) is a chain complex (∂2 = 0) and its
homology groups

HMk([q] rel Q, (V, g)) :=
ker ∂k

im ∂k−1

are well defined. Moreover they are independent of the choice of (V, g) and
fiber [q] rel Q.

In conclusion we have defined a topological braid class invariant
HM?([q rel Q]) for proper relative braid classes.

4.3 Discrete braids diagram

In this section we will introduce discrete braid diagrams and invariants re-
lated to them. Central will once more be a certain type of dynamical system
(parabolic recurrence relations).

4.3.1 Discrete braid diagrams

The discrete analogues of the previous subsection are fairly straightforward.
We want to stay close to the definitions as seen in [23] and [24], since we
want to use some of the theory introduced in that article.

Definition 4.3.1. The discrete configuration space Xnd is the space of all
x = (x0, x1, . . . xn) ∈ (Rd+1)n such that there exists a permutation τ ∈ Sn
for which,

xkd = x
τ(k)
0 for all k = 1, . . . , n. (4.15)
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The permutation τ is often dropped from the notation. The dimension
of the configuration space Xnd is nd. The following discrete braid property
may at first glace seem to have not a lot to do with the braid property (T)
but turns out to behave in the same way when the discretisation parameter
d→∞.

Definition 4.3.2. The space of closed discrete braids on n strands, Dnd is

the space of all x ∈ Xnd , such that for all intersections xk = xk
′

i with k 6= k′

we have,
´

xki−1 − xk
′

i−1

¯´

xki+1 − xk
′

i+1

¯

< 0. (Td)

Remark 4.3.3. Note that condition (Td) is an open condition.

Analogous to the Legendrian braid case we can define relative braid
classes. For a discrete braid x ∈ Dnd denote the path component of x as
[x]. When the union x∪X of strands of x ∈ Dnd and X ∈ Dmd is an element
of Dn+md we denote the resulting braid by x rel X. Once more we use the
projection map π2 : Xn+md → Xmd to define for all X′ ∈ [X]

[x] rel X′ := [x rel X] ∩ π−12 (X′). (4.16)

When X′ is chosen we will sometimes consider the braid class fiber [x] rel X
as a subset of Xnd . Of course we can look at the discrete singular braids

Σnd := cl(Dnd )−Dnd , (4.17)

which splits once more in the discrete collapsed braids Σnd,− and the non-
collapsable braids Σnd,+. The reason for making a distinction between the
two singular braids is that we need to make sure certain degeneraties do not
occur.

Definition 4.3.4. A relative discrete braid class fiber [x rel X] is called
proper if for each fiber [x] rel X

• There exists a K compact in R such that x′i ∈ K for all strands x′ ∈
[x] rel X and all i = 1, . . . , n.

• Σn+md ∩ [x] rel X ⊂ Σn+md,+ .

Since we need our discrete braids to give a good approximation of our
Legendrian braids the number of discretisation points d needs to be big.
However no matter how large this number is, one cannot expect all the
intersection points to occur exactly at the discretisation points. This is why
we need to extend what it means for a discrete braid to have an intersection.
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Definition 4.3.5. The number of intersections of a discrete braid x is de-
fined as as the number of intersections of the piece-wise linear interpolation
of the strands. We denote it Id(x).

If we take [x] rel X a proper discrete braid class fiber we can look at
the closure of [x] rel X inside Xn+md . We call this set N . We know that
∂N ⊂ Σn+md,+ . We take a closer look at

N− := cl{w ∈ ∂N : Id is locally, near w, maximal on int(N)}. (4.18)

This considers the part of the boundary on which, after leavingN the number
of intersection decreases. We call N− the exit set.

Definition 4.3.6. The Conley index of a proper discrete braid class fiber
[x] rel X is the pointed homotopy type

h([x] rel X) := (N/N−, [N−]).

4.3.2 Dynamics on discrete braid classes

Next we define the discrete version of the dynamics on Legendrian braid
classes. Before we can consider dynamics we need to choose discrete deriva-
tives.

Definition 4.3.7. For x ∈ Xnd with d-periodic indices ( xkd+i = x
τ(k)
i ) define

• the forward difference as

`

∂dx
k
˘

i
:= d

`

xki+1 − xki
˘

. (4.19)

• the backward difference as,

`

∂∗dx
k
˘

i
:= d

`

xki − xki−1
˘

. (4.20)

• the second centered difference as δ2d := ∂∗d∂d or

`

δ2dx
k
˘

i
= d2

`

xki+1 − 2xki + xki−1
˘

. (4.21)

Definition 4.3.8. Let V ∈ V. An element x ∈ Xnd is called a discrete
stationary solution if

`

δ2dx
k
˘

i
− xki + Vq

`

i/d, xki , (∂dx
k)i

˘

= 0

for all k ∈ {1, . . . , n} and all i ∈ {0, · · · d}. (4.22)
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We will abbreviate (4.22) as

δ2dx− x +∇xV (x) = 0.

For a V ∈ V denote the set of all discrete stationary solutions on n strands
by Crit dV (Xnd ). We are particularly interested in all the discrete stationary
solutions that are in a given discrete braid class fiber:

Crit dV ([x] rel X) := Crit dV (Xnd ) ∩ [x] rel X. (4.23)

The next step is considering connecting orbits between the braid solutions of
(4.22). We proceed analogously to section 2, and introduce the perturbation
g into the equation.

Definition 4.3.9. A path v : R → Xnd is called a discrete time-dependent
solution for a V ∈ V and a g ∈ C∞(R/Z × R2) if for all s ∈ R, for all
i = 1, . . . , d and for all k ∈ {1, . . . , n}.

d

ds
vki (s) = δ2dv

k
i (s)−vki (s)+Vq(i/d, v

k
i (s))+g(i/d, vki (s), ∂d(v

k
i (s))). (4.24)

We use the following short hand notation,

dv

ds
− δ2dv + v −∇vV (v)− g(v, ∂dv) = 0.

We denote the space of all discrete time-dependent solutions for a V with
Md

g(Xnd ;V ). And for [x] rel X a discrete relative braid class fiber we set

Md
g([x] rel X;V ) := {v ∈Md

g(X
n+m
d ;V ) : v(s) ∈ [x] rel X)}. (4.25)

The dynamics described above fits into a bigger class of systems, namely
those of the parabolic recurrence relations.

Definition 4.3.10 (Definition 4.1 from [24]). Given d > 0, a parabolic
recurrence relation R on Z/dZ is a collection of C1-functions Ri : R3 →
R, i ∈ Z/dZ such that ∂1Ri ≥ 0 and ∂3Ri > 0 for each i.

A parabolic recurrence relation defines a vector field on Xnd ,

d

ds
(uαi ) = Ri(uαi−1, uαi , uαi+1), (4.26)

with all subscript operations interpreted modulo the permutation τ : uαd+i =

u
τ(α)
i .
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The flow generated by (4.26) is called a parabolic flow on Dnd . Recall
from Section 2 that we chose a g with a small C∞ norm. We showed in
Chapter 2 that even though this perturbation brought us outside the class
of gradient systems the system was still gradient-like. For the discrete case
note that if g = 0 in (4.24) we are immediately in the case of the parabolic
recurrence relation. Once we add the g term however an extra dependency
of xi+1 is added due to the fact that g depends on the first finite difference.
We have the following lemma:

Lemma 4.3.11. There exists an ε0 > 0 such that for any g ∈ C∞c (R/Z×R2)
with ‖g‖C∞< ε0 we have that (4.24) is a parabolic recurrence relation.

This lemma follows from the open condition ∂3Ri > 0 (starting from the
parabolic recurrence relation with g = 0).

Once more we define a connecting orbit between two stationary discrete
braids x± as a time-dependent discrete solution v such that

lim
s→±∞

v(s) = x±.

The space of all connecting orbits from x− to x+ is denoted Md
g(x
−,x+).

Proposition 4.3.12. Let [x] rel X be a proper relative discrete braid class
fiber and let v ∈ Md

g(Xnd ;V ) such that there exists an s0 ∈ R for which

v(s0) rel X ∈ Σn+md . Then there exists a δ > 0 such that

v(s) rel X ∈ Dn+md for all s ∈ [s0 − δ, s0 + δ]− {s0}.

Moreover, it holds that

Id(v(s0 − δ)) > Id(v(s0 + δ)).

Once more we obtain a compactness result

Proposition 4.3.13. Let [x] rel X be a proper discrete braid class fiber.
Then the space Md

g([x] rel X) is compact with respect to the C1
loc(R;Rd)-

norm.

In analogy with the previous section we also have that the space of
bounded solutions decomposes into the spaces of connecting orbits.

Proposition 4.3.14. Let [x] rel X be a proper relative braid class, and let
(V, g) be an admissible pair (see Section 2) then

Md
g([x] rel X) =

⋃
x′,x′′∈Crit dV ([x] relX)

Md
g(x
′,x′′).
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Since the dynamics on our discrete braid classes are induced by the Leg-
endrian case we call a pair (V, g) Morse-Smale of level d for a class [x] rel X
if all discrete stationary solutions and all discrete time-dependent solutions
are non-degenerate. For such pairs we get the following proposition.

Proposition 4.3.15. Let [x] rel X be a proper discrete braid class fiber, and
let (V, g) be Morse-Smale. Then for d large enough we can define the Morse
Homology M?([x] rel X;V, g) in the traditional way of defining a chain com-
plex based on the number of stationary and connecting orbits.

Remark 4.3.16. Analogous to the cases previously discussed, M? does not
depend on the choice of the pair (V, g) nor on the choice of the fiber [x] rel X.
We write M?([x rel X]).

This Morse homology M? is strongly related to the Conley index we
defined before. In fact, it follows from the classic Morse theory that when
one can define a Morse homology it is isomorphic to the Conley index of an
isolating set. In other words, we have the following:

Theorem 4.3.17. Let [x rel X] be a proper relative discrete braid class. Let
N = [x] rel X′ be any fiber, then there exists an isomorphism:

M?([x rel X] ∼= H?(h([x rel X)).

4.4 Discretising and interpolation

The goal of this paper is describing the relation between Legendrian braids
and discrete braids. Hence we need a way to go from Legendrian braids to
discrete braids (discretisation) and from discrete braids to Legendrian braids
(interpolation). Rather than defining the discretisation and interpolation
of braids directly we will look first at these concepts in the framework of
integer periodic functions. A braid is nothing more than a collection of
integer-periodic functions with an extra (braid) property.

4.4.1 Spaces and discretisations

The discretisation and interpolation will be done in Sobolev spaces to benefit
the analysis performed in the next couple of sections. Eventually, through
bootstrapping arguments, the appropriate smoothness will be shown.

For this entire section let S1 = R/lZ, for some l ∈ N, not necessarily 1.
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Definition 4.4.1. Define the following equivalent norm on H2(S1) for v ∈
H2(S1):

‖v‖2H2 :=

∫ l

0

|v(t)|2dt+

∫ l

0

ˇ

ˇ

ˇ

ˇ

d2v

dt2
(t)

ˇ

ˇ

ˇ

ˇ

2

dt. (4.27)

Consider also the space L2(S1) the space of square integrable l-periodic
functions on R with the standard L2-norm ‖·‖2:= ‖·‖L2(S1).

We wish to discretise H2(S1) and the L2(S1) in a way that will be con-
sistent with our choice of discrete heat equation (4.22). Note that this is by
no means a unique or canonical theory, but rather what we have found to
be the easiest to work with. We are dealing here with l-periodic functions,
so instead of discretising over [0, l] we will opt to discretise each interval
[i, i+ 1] evenly into k pieces. So assume for this entire section that d := kl.
The reason for this is that V is a 1-periodic function in its t-variable and we
want the discretisation to respect this.

Definition 4.4.2. Let d ∈ lN be the discretisation parameter (think of this
as a big multiple of l), then we define the discrete L2(S1) space as L2

d :=
´

Rd, ‖·‖L2
d

¯

, where

‖x‖2L2
d
:=

1

d

d∑
i=1

|xi|2 for all x = (xi) ∈ Rd. (4.28)

Remark 4.4.3. Note that the space L2
d is in fact an inner product space

with inner product 〈x, y〉d := 1
d

∑d
i=1 xiyi.

The next step is a discrete version of the derivatives in H2(S1). We will
use the difference operators defined in Definition 4.3.7 for n = 1. This means
that the indices are just d-periodic.

Definition 4.4.4. Define the space H2
d to be

´

Rd, ‖·‖H2
d

¯

, where

‖x‖2H2
d
:= ‖x‖2L2

d
+‖δ2dx‖2L2

d
for all x ∈ Rd. (4.29)

An important feature of the discrete norms chosen is that they admit a
very nice summation by parts.

Lemma 4.4.5. (Discrete integration by parts) Let x, y ∈ Rd then

〈∂dx, y〉d = −〈x, ∂∗dy〉d . (4.30)
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As mentioned before, we want to do our analysis on Sobolev spaces. This
means that in our discretisation we cannot evaluate functions in appropriate
discrete timestamps. We choose an averaging discretisation instead.

Definition 4.4.6. The discretisation pd with discretisation parameter d ∈ N
is defined as follows for all v ∈ L2(S1):

ppdvqi := d

∫ i
d

i−1
d

v(t)dt. (4.31)

Lemma 4.4.7. The map pd : L2(S1) → L2
d is a uniformly bounded linear

map (uniformity in d). Furthermore the restriction pd : H2(S1) → H2
d is

also a uniformly bounded linear operator.

Proof. It follows from Cauchy-Schwarz that the pd seen as an operator from
L2 to L2

d has norm at most 1 (it has exactly norm 1, which can be seen after
filling in the constant function 1).

4.4.2 Interpolation

The definition of the interpolation between the discrete and continuous case
is slightly more involved. We we would like an interpolation on two levels.
The first level will be on the co-domain level of the linearized operators we
eventually want to work with. This interpolation needs to map vectors into
L2(S1).

Definition 4.4.8. Define the map ιd : L2
d → L2(S1) for x ∈ L2

d as

(ιdx)(t) ≡ xi for all t ∈ [(i− 1)/d, i/d], (4.32)

for all i ∈ {1, . . . , d}.

It follows immediately that ιd is a bounded linear operator with norm 1.
It is also immediate that pdιd is the identity on L2

d.
The second level will be an interpolation between the domain levels of

the linearized operators we want to work with. We want furthermore that
our interpolation has specific properties (as seen in Proposition 4.4.9). The
proof of existence of this operator can be found in Appendix A and is based
on Fourier analysis.

Proposition 4.4.9. Let d ∈ lN≥1, then for any x ∈ Rd there exists an
element spd(x) ∈ H2(S1) that satisfies the following three properties:

• For all t ∈ S1:

spd(x)tt = ιd(δ
2
d(x)). (4.33)
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• spd : H2
d → H2(S1) is a uniformly bounded linear operator (uniform

in d).

• There exists a c1 > 0 independent of d such that

‖spd(x)t − ιd(∂dx)‖L2≤ c1
d
‖x‖H2

d
and (4.34)

‖spd(x)− ιd(x)‖L2≤ c1
d
‖x‖H2

d
. (4.35)

Remark 4.4.10. The notation spd comes from the term spline, which is a
related type of interpolation.

The proposition above relates the interpolation spd and the discretisa-
tion pd on the discrete level. We would also like to compare them on the
continuous level. Using Taylor expansions we can prove:

Proposition 4.4.11. Let Q ∈ C∞(S1), then for all δ > 0 there exists a
d0 ∈ N such that for all d ≥ d0,

‖Q− spdpdQ‖C1(S1)≤ δ. (4.36)

4.5 One-to-one relations and convergence

For this section we fix a V ∈ Vm and show that the solutions q ∈ C2(R;R)
of {

qtt − q + Vq(t, q) = 0,
q(t) = q(t+ l) for all t ∈ R (S)

are, for large enough d, in one-to-one correspondence with solutions x ∈ Rd
of {

δ2dx− x+ Vq(x) = 0,
xi = xi+d for all i.

(Sd)

Here we abuse notation by setting Vq(x)i = Vq(i/d, xi).
We denote by Crit V the set of all solutions of (4.9). The set of all

solutions of (4.22) will be called Crit dV .
Note that (S) and (Sd) are special cases of respectively (4.11) and (4.22).

This is seen by considering the periodic extension of a single braid component
consisting of l strands. The idea of the proof of the one-to-one relation is to
use a Newton-type method to find near every solution of (S) a unique solution
of (Sd). We reformulate this problem into a non-linear zero-finding problem.
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A key ingredient here is that the linearisation around zero of the map of
which we want to find a zero is surjective for large enough discretisation
parameter. This enables the Newton method.

Theorem 4.5.1 (Newton-like method). Let X and Y be Banach spaces,
F : X → Y a C1-mapping . Let δ > 0 and a C > 0 be such that

• ‖F (0)‖Y≤ δ
2C ,

• there exists a right inverse T of dF (0) with ‖T‖L(Y,X)≤ C

• sup‖x‖X≤δ‖dF (x)− dF (0)‖L(X,Y )≤ 1
2C .

Then there exists a unique x̄ ∈ X such that F (x̄) = 0 and ‖x̄‖X≤ δ.

This is essentially the same method we used in Chapter 3.

4.5.1 Existence of a sequence of discrete solutions con-
verging to a continuous solution

We start by stating the proposition that we wish to prove in this section.

Proposition 4.5.2. Let V ∈ Vm and let Q be a solution to (S). Then for
all ε > 0 there exists a dstat ∈ N such that for all d ≥ dstat there exists a
unique solution Qd of (Sd) such that ‖Qd − pdQ‖H2

d
< ε. Furthermore this

Qd turns out to be non-degenerate.

Remark 4.5.3. We define τd to be the map that sends Q 7→ Qd. This
definition only makes sense for d ≥ dstat.

Remark 4.5.4. Stat in dstat stands for stationary, as opposed to the con-
necting orbits parameter we will use later on.

One thing to remark is that we will be dealing with new lower bounds on
the discretisation number repeatedly. We will denote all these lower bounds
by dstat. We will take the largest of all these to make the theory work. The
application of Theorem 4.5.1 will come in two parts. First, we reformulate
the problem of finding discrete solutions of (Sd) to the problem of finding a
zero of some function. Second, we want to show a kind of uniformity in d.
If we do not find a uniform bound we no longer have full control over the
parameter δ in Theorem 4.5.1. What is meant exactly with this will become
clear at the end of this section.

We define the map for which we want to find a zero. Let Q be a solution
of (S). Then the map F d : H2

d → L2
d is defined as

F d(x) := δ2d(pdQ+ x)− (pdQ+ x) + Vq ppdQ+ xq . (4.37)
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Simplifying and using that Q is a solution of (S) we obtain for x ∈ Rd

F d(x) = δ2dx−x+Vq ppdQ+ xq−pd pVq(t, Q)q+
`

δ2dpdQ− pdQtt
˘

. (4.38)

Note that a zero xd of F d corresponds a solution pdQ+ xd of (Sd).
To check all the assumptions of Theorem 4.5.1 we start by focussing

on the operator dF d(0). We use shorthand notation for the d × d -matrix
dF d(0):

DdZ := dF d(0)Z = δ2dZ − Z + Vqq(pdQ)Z. (4.39)

The most challenging part of checking the requirements for Theorem 4.5.1
is to prove that the linearized operator in 0 is surjective. Or equivalently
that it is injective (since we are dealing with d× d-matrices here). The first
step towards injectivity is the following lemma

Lemma 4.5.5. For all x ∈ Rd and all d ∈ kN we have

‖x‖2H2
d
≤ ‖δ2dx− x‖2L2

d
(4.40)

Proof. Writing out the right-hand side we get ‖δ2dx‖2L2
d
+‖x‖2

L2
d
−2
〈
δ2dx, x

〉
d
.

After applying (4.30) we obtain ‖δ2dx‖2L2
d
+‖x‖2

L2
d
+2‖∂dx‖2L2

d
. The inequality

then follows.

Remark 4.5.6. Lemma 4.5.5 implies that if V ∈ V there exists a c4 =
c4(V ) > 0 such that,

‖x‖H2
d
≤ c4

´

‖Ddx‖L2
d
+‖x‖L2

d

¯

. (4.41)

Due to the fact that the continous system is Morse for V ∈ Vm, we
know that all the solutions of (S) are non-degenerate. One of the ways to
classically describe non-degeneracy is discussed in the following lemma.

Lemma 4.5.7. Let V ∈ Vm. Then for all solutions Q of (S) the linearized
operator LQ : H2(S1)→ L2(S1) at the point Q, given by

LQξ := ξtt − ξ + Vqq(t, Q)ξ, (4.42)

is a surjective operator.

Remark 4.5.8. Since the operator LQ is self-adjoint, this lemma implies
that there exists a constant c0 > 0 such that

‖ξ‖H2≤ c0‖LQξ‖L2 . (4.43)
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For large d, Dd will behave more and more as LQ. The idea is that
eventually, since LQ is surjective, Dd will also be surjective.

Proposition 4.5.9. Consider the operator Dd from (4.39). There exists a
dstat ∈ N such that for all d ≥ dstat the operator Dd : Rd → Rd is surjective.

Proof. We will show that there exist a c2 > 0 independent of d such that for
all Z ∈ Rd the following holds:

‖Z‖H2
d
≤ c2‖DdZ‖L2

d
. (4.44)

This shows that the operator is injective and hence invertible (finite di-
mensional square matrices have that property) and as such it is surjective.

By (4.41) there exists a c4 > 0 such that

‖Z‖H2
d
≤ c4

´

‖DdZ‖L2
d
+‖Z‖L2

d

¯

. (4.45)

By Proposition 4.4.9 and (4.43) we get

‖Z‖L2
d
≤‖spd(Z)‖L2+

c1
d
‖Z‖H2

d

≤c0‖LQspd(Z)‖L2+
c1
d
‖Z‖H2

d

≤c0‖LQspd(Z)− ιdDdZ‖L2+c0‖DdZ‖L2
d
+
c1
d
‖Z‖H2

d
.

We will estimate the first term that appears on the last line of the pre-
vious inequality:

‖LQspd(Z)− ιdDdZ‖L2=∥∥`spd(Z)tt − ιdδ2dZ
˘

− pspd(Z)− ιdZq +

pVqq(t, Q)spd(Z)− ιdVqq(pdQ)Zq‖L2

≤
∥∥`spd(Z)tt − ιdδ2dZ

˘
∥∥
L2 + ‖pspd(Z)− ιdZq‖L2

+ ‖pVqq(t, Q)spd(Z)− ιdVqq(pdQ)Zq‖L2 .

From Proposition 4.4.9 we get that the first term of the last line is zero,
and the second can be bounded from above by c1

d ‖Z‖H2
d
. Finally, the last

term can be estimated, using smoothness and compact support of V , with
C
d ‖Z‖H2

d
, where C = C(V, c1) is independent of d.

Putting everything together we get:

‖Z‖H2
d
≤ c4(c1 + c0C)

1

d
‖Z‖H2

d
+c4(1 + c0)‖DdZ‖L2

d
(4.46)
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Now choose dstat ≥ 2c4(c1 + c0C) then we can take the first term on the
right hand side of (4.46) to the left hand side for all d ≥ dstat. And we are
left with (4.44) where c2 := 2c4(1 + c0).

Since we are working on the discrete finite-dimensional spaces it is im-
mediately clear that Dd is invertible. Furthermore the norm on (Dd)−1 is
bounded from above by c2, which was independent of d.

The final two ingredients for the Newton method will be the following
lemmas which follow from the smoothness and compact support of V , (4.34)
and (4.35).

Lemma 4.5.10. Let d ≥ dstat and let C > 0 be any real number. Let F d be
the operator defined in (4.38). Then there exists a δ > 0 independent of d
such that

sup
‖x‖

L2
d
≤δ0
‖dF d(x)−Dd‖L(H2

d ,L
2
d)
≤ 1

2C
. (4.47)

Lemma 4.5.11. There exists a c > 0 independent of d and a dstat ∈ N such
that

‖F d(0)‖L2
d
≤ c

d

for all d ≥ dstat.

Proof of Proposition 4.5.2. Let ε > 0 and d ≥ dstat be given. The inverse
T of dF d(0) exists by Proposition 4.5.9 and has operator norm ‖T‖≤ c2
where c2 is independent of d. Now let δ0 > 0 be the constant obtained in
Lemma 4.5.10 when C = c2. Then we will consider d0 ≥ dstat such that
d0 ≥ 2cc2

min{ε,δ0} where c is the constant found in Lemma 4.5.11. Now we are

in the position to apply Theorem 4.5.1. We obtain a new dstat such that for
d ≥ dstat there exists a unique solution Qd of (Sd) such that

‖Qd − pdQ‖H2
d
≤ ε.

This concludes the proof.

4.5.2 Convergence of strand solutions of (Sd)

In the previous section we showed that for every solution Q of the continuous
system (S) and any d ≥ dstat, a unique solution τd(Q) of (Sd) exists that is
ε close to pdQ. This section is dedicated to showing that any sequence of
solutions of (Sd) can be embedded as a sequence in H2(S1) that converges
(after passing to a subsequence) to a unique solution of (S). The first step
is showing uniform bounds on solutions of (Sd) (uniform in d).
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Proposition 4.5.12. There exists a C = C(V ) > 0 independent of d such
that for all d ∈ N if xd is a solution of (Sd), then

‖xd‖H2
d
≤ C. (4.48)

Proof. First of all note that by (4.30),

‖δ2dxd‖2L2
d
+‖xd‖2L2

d
≤ ‖δ2dxd‖2L2

d
+2‖∂dxd‖2L2

d
+‖xd‖2L2

d
= ‖δ2dxd−xd‖2L2

d
. (4.49)

Hence

‖xd‖H2
d
≤ ‖δ2dxd − xd‖L2

d
= ‖Vq(xd)‖L2

d
≤ l‖Vq‖L∞= C, (4.50)

where l was the period of the original periodic function.

Since this bound C does not depend on d we can prove the following
proposition using an Arzela-Ascoli type theorem.

Proposition 4.5.13. Let (xd) a sequence of solutions of (Sd), then there
exists a subsequence (xdi), with di → ∞, for which qi := spdixdi ∈ H

2(S1)
converges in the H2-norm to an element q ∈ H2(S1). Furthermore q is a
solution of (S).

Proof. By (4.48) there is a C independent of d for which ‖xd‖H2
d
≤ C. By

properties of spd we know ‖spdxd‖H2≤ C. Applying Sobolev embeddings
and Arzela-Ascoli results we see that there is a subsequence and an element
Q ∈ C1 ∩ L2 such that spdxd → Q in the C1 norm. The final step in the
proof is showing that in fact (spdxd) forms a Cauchy sequence in H2. Then
by completeness of H2 it will follow that Q ∈ H2.

Note that spdxd is a Cauchy sequence in the H1-norm. It suffices to show
that the second derivatives form a Cauchy sequence in L2. Furthermore we
can show using the properties described in Proposition 4.4.9 and using that
xd is solution of (Sd) that for any n:

‖(spnxn)tt − (spnxn) + V (·, spnxn)‖L2≤ C/n.

This allows us to find a c independent of d for which

‖(spnxn)tt − (spmxm)‖L2≤ c‖(spnxn)− (spmxm)‖H1+C/n+ C/m.
(4.51)

As such spnxn forms a Cauchy sequence in H2 and by uniqueness of the
limits we see that there exists a subsequence of spdxd that converges to q in
the H2-norm.
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In this section we have found a minimal discretisation number dstat such
that for any solution q ∈ Crit V there exists a sequence of unique solutions
τd(q) ∈ Crit dV for each d ≥ dstat. Furthermore, we can make sure that the
‖pdq − τd(q)‖H2

d
is as small as we want (and need). Next we would like

to make sure the Morse indices are also the same, this is done in the next
subsection.

4.5.3 Eventual stability of the Morse Indices

Recall from Section 2 that if we have periodic solution Q of the system (S)
for a non-linearity V ∈ Vm we can assign to it the Morse index β(Q) ∈ Z≥0.
The definition is as follows:

β(Q) := #{λ ∈ C : λ is an eigenvalue of LQ and Re(λ) > 0}. (4.52)

By the Morse property of V this well defined. Let Qd ∈ Rd be a solution of
(Sd), and let LdQd be the linearized operator

LdQdX = δ2dX −X + Vqq(Qd)X. (4.53)

This leads to the following definition:

βd(Qd) = {λ ∈ C : λ is an eigenvalue of LdQd and Re(λ) > 0}. (4.54)

As mentioned in the previous section we would like the one-to-one relation
respect the Morse index.

Proposition 4.5.14. Let Q be a solution of (S) with β(Q) = k. Let τd(Q)
be the sequence of solutions obtained from Proposition 4.5.2. Then βd(τd(Q))
eventually stabilizes at k, i.e. there exists a dm ≥ 0 such that:

βd(τd(Q)) = k for all d ≥ dm.

Proof. Rather than compare the discrete operators Ldτd(Q) and LQ directly

we will compare LQ with the discrete operator rLd:

´

rLdx
¯

i
:= (δ2dx)i − xi + Vqq(i/d,Q(i/d))xi.

We can more easily compare this operator to LQ. By continuity of the

spectrum it follows that the Morse indices of rLd and Ldτd(Q) are the same for

an appropriately small choice of ε > 0 in Proposition 4.5.2. Hence it suffices
to compare the Morse index of rLd and LQ. We will do this in two steps.
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Step 1. βd ≥ β: Let β(Q) = n. We will use an alternative definition of
the Morse index here. The Morse index is the largest dimension of a subspace
on which the quadratic form (·, LQ·)L2 is positive definite. As such we can
find an n-dimensional linear subspace V ⊂ H2(S1) such that (·, LQ·)L2 is a
positive definite quadratic form on V . Let {v1, . . . , vn} be an orthonormal
base for V consisting of eigenfunctions for positive eigenvalues. For d ∈ N
we define,

vdk := pvk(i/d)q
d
i=1 ∈ Rd.

Now let d be large enough so that {vdk}nk=1 is a system of linearly independent
vectors. The claim is that for d large enough this forms an n-dimensional

space V d on which
〈
·, rLd·

〉
d

is a positive definite quadratic form. First of

all note that〈
x, rLdy

〉
d

=
´

ιx, ιrLdy
¯

L2
.

Since Q is a non-degenerate stationary solution we know that there exists a
µk > 0 such that,

pvk, LQvkqL2 ≥ µk pvk, vkqL2 for all k.

Now for any vd ∈ span{vdi } we have that there exists a v ∈ V such that

´

ιvd, ιrLdvd
¯

L2
→ pv, LQvqL2 as d→∞. (4.55)

Now let v ∈ B := {w ∈ V : ‖w‖L2≤ 1}. Then there exists a λv > 0 and a
dv ∈ N and an open set Bv ⊂ B such that:

• pw,LQwqL2 > λv pw,wqL2 for all w ∈ Bv.

•
´

ιvd, ιrLdvd
¯

L2
≥ λv

2

`

ιvd, ιvd
˘

L2 for all d ≥ dv.

Now since B =
⋃
v∈BBv and B is compact we can find a finite number of

subsets that cover B. If we take the maximum dmax of the dv’s and the
minimum λmin of the λv’s we obtain that for all w ∈ span{vdi }:〈

w, rLdw
〉
d

=
´

ιw, ιrLdw
¯

L2
≥ λmin

2
pιw, ιwqL2 =

λmin

2
〈w,w〉d .

We need only check the inequality for vectors on the unit sphere because
the inequality is equivariant under scalar multiplication. As such we have
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found an n-dimensional subspace on which the quadratic form
〈
w, rLdw

〉
d

is

positive definite.
Step 2. βd ≤ β: Once more let β(Q) = n, and assume by contradic-

tion that there exists a sequence di → ∞ and n + 1 linearly independent
eigenvectors in Rd for rLd with positive eigenvalues, for each d = di. We can
normalize them to make sure they have L2

d-norm equal to 1. Denote them
wd1 , · · ·wdn+1 and the eigenvalues λd1, . . . , λ

d
n+1. There exists a C = C(V ) > 0

such that |λdk|< C for all k and all d. Existence of this C is shown by noting
that δ2d as an operator is negative definite (see (4.30)) and as such has an
entirely negative spectrum. Adding a −x term only shifts the spectrum by
1. Adding the compact perturbation given by V adds a finite (and uniform)
amount at most. As such all positive eigenvalues are uniformly bounded
from above. We claim that {spdwdk}k converges to a system of n+ 1 linearly
independent eigenfunctions corresponding to positive eigenvalues for LQ for
each fixed k. By an Arzela-Ascoli argument (using the fact that the eigenvec-
tors have L2

d-norm equal to 1 and a bootstrapping type argument to find the
uniform bounds for solutions of the linearized equation), there exists a sub-
sequence of spdw

d
k that converges in the C1 norm to a function Wk. This is

an eigenfunction with corresponding eigenvalue C ≥ Λk := limd→∞ λdk ≥ 0.
However Λk 6= 0 by non-degeneracy. We can repeat this process passing to
subsequences everytime to find a Wk for each k = 1, . . . , n + 1. It follows
from the following observation

0 =
〈
wdk, w

d
l

〉
d

=
`

ιwdk, ιw
d
l

˘

L2 → pWk,WlqL2 for d→∞.

that we end up with a system of n + 1 linearly independent eigenfunctions
of LQ, each corresponding to a positive eigenvalue. This contradicts our
assumption that β(Q) = n.

4.6 Connecting orbits

In the previous section we used a discretisation scheme and finite difference
operators that allowed us to make statements about existence and uniqueness
of converging sequences of solutions of (Sd) to solutions of (S). The next
step is to expand this proof a similar result for connecting orbits of

vs − vtt + v − Vq(t, v)− g(t, v, vt) = 0. (H)

In this section it will become clear why we chose the way of proving the one-
to-one relation of stationary solutions. Many of the proofs will only require
a small adjustment to still work.
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4.6.1 Spaces used for connecting orbits

The continuous spaces we work with will be fairly straight forward, but for
completeness sake we will still define them in this subsection.

Definition 4.6.1. We consider H1,2(R× R/lZ) to be the space
H1(R;L2(R/lZ))∩L2(R;H2(R/lZ)) with the norm for f ∈ H1,2(R×R/lZ),

‖f‖2H1,2 := ‖f‖2L2(R×R/lZ)+‖ftt‖
2
L2(R×R/lZ)+‖fs‖

2
L2(R×R/lZ). (4.56)

Note that just as in the previous section t denotes the coordinate of R/Z and
s ∈ R.

We will from here on write H1,2 for H1,2(R×R/lZ), and L2 for L2(R×
R/lZ). The discrete analogues will be the following spaces.

Definition 4.6.2. We consider L2
d to be the space L2(R;Rd) with the fol-

lowing norm for x ∈ L2
d,

‖x‖2L2
d
:=

d∑
j=1

1

d

∫ ∞
−∞

|xj(s)|
2
ds. (4.57)

Note that we use the same name for this space. Which one is used will
be clear from the context. Furthermore we consider the following subspace
H1,2
d ⊂ L2

d to be all functions for which the following norm is finite,

‖x‖2
H1,2
d

:= ‖x‖2L2
d
+‖δ2dx‖2L2

d
+‖xs‖2L2

d
. (4.58)

Note that the operator ι defined in (4.32) works ‘pointwise’ in s, so that
we have ιd : L2

d → L2. Similarly the operators ∂d and δ2d work on the discrete
spaces. In the same manner the operator pd extends to the new spaces. This
operator is still defined in the same way:

ppdvqi :=

∫ i/d

(i−1)/d
v(·, t)dt. (4.59)

4.6.2 Continuous non-linear heat equation

Since we are now considering the time-dependent equation we need not only a
Morse potential but an admissible pair (V, g), and in particular the equation

vs − vtt + v − Vq(t, v)− g(t, v, vt) = 0. (4.60)

When we linearize (4.60) around a solution v we obtain the operator

Dvζ := ζs − ζtt + ζ − Vqq(t, v)ζ − gq(t, v, vt)ζ − gp(t, v, vt)ζt. (4.61)
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We will also need the dual operator with respect to the L2-inner product:

D∗vζ := −ζs − ζtt + ζ − Vqq(t, v)ζ − gq(t, v, vt)ζ + (gp(t, v, vt)ζ)t. (4.62)

If v is a solution of (4.60) with asymptotic behavior: lims→±∞ v(s, ·) = q±

we say that v ∈M(q−, q+).
We can now use the following characterisation of Morse-Smale systems

that follows almost immediately from the fact that the operators Dv are all
Fredholm operators, see [22] for an extensive review of this theory.

Lemma 4.6.3. Let (V, g) be an admissible pair, then the operator

Dv : H1,2(R× S1)→ L2

is surjective for all time-dependent solutions v. Furthermore there exists a
C0 > 0 such that the following holds for all ζ ∈ H1,2(R× S1):

‖D∗vζ‖L2≤ C0‖ζ‖H1,2 . (4.63)

Furthermore, there is an estimate that comes from a projection on the image
of the dual operator. For ν ∈ H1,2 we have

‖ν‖H1,2≤ C0 p‖ν −D∗vµ‖L2 + ‖Dvν‖L2q for all µ ∈ H1,2. (4.64)

To continue we will need to introduce what interpolation we wish to
use. The idea is to use an interpolation defined through Fourier transforms
that has for each x ∈ H1(R;Rd) a prescribed L2-function after applying the
linear heat operator. For the details and proof of the following theorem see
Appendix C.

Proposition 4.6.4. For all d ∈ N≥1 and every y ∈ H1(R;Rd) there exists
an element h(y) ∈ H1,2(R× S1) which satisfies the following properties:

• h : H1,2
d → H1,2(R× S1) is a bounded linear operator,

• h(y)s − h(y)tt = ιd
`

ys − δ2dy
˘

,

• There exists a C1 > 0 independent of d such that,

‖h(y)t − ιd∂dy‖L2≤ C1

d
‖y‖H1,2

d
and , (4.65)

‖h(y)− ιdy‖L2≤ C1

d
‖y‖H1,2

d
. (4.66)
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Similar to (Sd), we want to choose a discrete version of (4.60). We define
for x ∈ H1,2

d ,

xs − δ2dx+ x− Vq(x)− g(x, ∂dx) = 0. (Hd)

Recall from Lemma 4.3.11 that chosing g small enough this becomes a
parabolic recurrence relation. If y is a solution of (Hd) with asymptotic
behavior

lim
s→±∞

y(s) = x± we say that x ∈Md(x
−, x+).

We have, analogous to (4.61), a discrete, linearized operator around y ∈ H1,2
d :

Dd
yη = ηs − δ2dη + η − Vqq(y)η − gq(y, ∂dy)η − gp(y, ∂dy)∂dη. (4.67)

The dual operator with respect to the L2
d-inner product is

Dd,∗
y η = −ηs− δ2dη+ η−Vqq(y)η− gq(y, ∂dy)η+ ∂∗d(gp(y, ∂dy)η). (4.68)

To make sure we do not run into trouble during the process of discretisation
we would like to make sure that at no stage of discretisation we create degen-
eracies. In other words we need the time-dependent analogue of Proposition
4.5.9.

Proposition 4.6.5. Let (V, g) be an admissible pair and let v be a time-
dependent solution of (4.60). Then there exists a dc ∈ N such that for all
d ≥ dc we have that the operator Dd

pdv
is surjective. In fact, there exists a

C2 > 0 independent of d such that for all η ∈ H1,2
d we have,

‖η‖H1,2
d
≤ C2‖Dd,∗

pdv
η‖L2

d
. (4.69)

The proof of this proposition is almost identical to the proof of Proposi-
tion 4.5.9. The differences will be bridged by the following lemmas.

Lemma 4.6.6. Let (V, g) be an admissible pair. Then there exists a C4 =
C4(V, g) > 0 such that for all d ∈ N≥1 and for all y ∈ H1,2

d the following
inequality holds:

‖η‖H1,2
d
≤ C4

´

‖Dd,∗
y η‖L2

d
+‖η‖L2

d
+‖∂dη‖L2

d

¯

. (4.70)

The same inequality also holds for Dd.
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Proof. We start by showing that

‖η‖H1,2
d
≤ ‖ηs − δ2dη + η‖L2

d
. (4.71)

Denote pη = pη(σ) to be the Fourier transformation of η with respect to the
s-variable. Then we can write,

1

d

d∑
i=1

ˇ

ˇiσpηi − δ2dpηi + pηi
ˇ

ˇ

2
=

1

d

d∑
i=1

`

iσpηi − δ2dpηi + pηi
˘ `

iσpηi − δ2dpηi + pηi
˘∗

=

1

d

d∑
i=1

σ2|pηi|2+|pηi|2+|δ2dpηi|2+2|∂dpηi|2.

The last equality is obtained by writing out the brackets, using (4.30) and

using the fact that the expressions of the form 1
d

∑d
i=1 xi are translation

invariant due to the periodicity of x. Now integrating with respect to the
σ-variable and using Plancharel’s identity we obtain (4.71). After that (4.70)
follows from the uniform boundedness of V and g.

Recall that during the process of proving Proposition 4.5.9 we needed to
compare the discrete and the continuous linearized operators. We will do
the same for the time-dependent case.

Lemma 4.6.7. Let v be a solution of (4.60). There exists a C3 > 0 such
that for all d ∈ N≥1 we have,

‖D∗vh(η)− ιd(Dd,∗
pdv

η)‖L2≤ C3

d
‖η‖H1,2

d
. (4.72)

Proof. This proof is identical to the similar statement in the proof of Propo-
sition 4.5.9. The only difference is we use the fact that

h(η)s − h(η)tt − ιd(ηs − δ2dη) = 0,

rather than

spd(x)tt − ιdδ2dx = 0.

Remark 4.6.8. Due to the similarity of the operators D∗v and Dv (4.72)
and (4.70) still hold if we consider the original operator rather than the dual.
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Again following the method of the stationary solutions we must show
there exists a uniformly bounded (in d) right inverse operator of Dd

pdv
. Con-

sider the operator

Td := Dd
pdv

Dd,∗
pdv

. (4.73)

This is an invertible operator from H2,4
d → L2

d. This follows from the fact
that im(Dd)⊥ = kerDd,∗ and surjectivity of Dd. For more theory on this
one could look at Chapter X of [15].

Proposition 4.6.9. There exists a dc ∈ N such that for all d ≥ dc the
operator Dd,∗

pdv
T−1d : L2

d → H1,2
d is uniformly bounded in d.

Proof. It suffices to show that there exists an C5 > 0 independent of d such
that

‖Dd,∗
pdv

η‖H1,2
d
≤ C5‖Dd

pdv
Dd,∗
pdv

η‖L2
d
. (4.74)

So begin by setting η∗ := Dd,∗
pdv

η. We apply (4.70) for y = pdv and η = η∗.
We obtain

‖η∗‖H1,2
d
≤ C4

´

‖Dd
pdv

η∗‖L2
d
+‖∂dη∗‖L2

d
+‖η∗‖L2

d

¯

By (4.65) we know

‖∂dη∗‖L2
d
≤ ‖ιd∂dη∗−h(η∗)t‖L2+‖h(η∗)t‖L2≤ ‖h(η∗)‖H1,2+

C1

d
‖η∗‖H1,2

d
.

(4.75)

By (4.66) we know

‖η∗‖L2
d
≤ ‖ιdη∗−h(η∗)‖L2+‖h(η∗)‖L2≤ ‖h(η∗)‖H1,2+

C1

d
‖η∗‖H1,2

d
. (4.76)

Since we can make C1

d arbitrarily small by making d large we need only
focus on estimating h(η∗). We do this by applying (4.64) with ν = h(η∗)
and µ = h(η) to get

‖h(η∗)‖H1,2≤ C0 p‖h(η∗)−D∗vh(η)‖L2+‖Dvh(η∗)‖L2q . (4.77)

We will find upper bounds for both of the terms on the right side of the
inequality. First use the triangle inequality on both terms:

‖h(η∗)−D∗vh(η)‖L2≤ ‖h(η∗)− ιd(η∗)‖L2+‖ιd(η∗)−D∗vh(η)‖L2 (4.78)
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and

‖Dvh(η∗)‖L2≤ ‖Dvh(η∗)− ιd(Dd
pdv

η∗)‖L2+‖Dd
pdv

η∗‖L2
d
. (4.79)

Now note that we can bound (4.78) using (4.66) and (4.72) from above by

‖h(η∗)−D∗vh(η)‖L2≤ C1

d
‖η∗‖H1,2

d
+
C3

d
‖η‖H1,2

d
. (4.80)

Similarly we bound (4.79) from above using (4.72) to get

‖Dvh(η∗)‖L2≤ C3

d
‖η∗‖H1,2

d
+‖Dd

pdv
η∗‖L2

d
. (4.81)

Putting everything together we get for some α > 0 independent of d:

‖η∗‖H1,2
d
≤ α‖Dd

pdv
Dd,∗
pdv

η‖L2
d
+

C4(C1 + 2C0(C1 + 2C3))

d
‖η∗‖H1,2

d
+

2C0C4C3

d
‖η‖H1,2

d
. (4.82)

Now due to (4.69) we have

‖η‖H1,2≤ C2‖η∗‖L2
d
≤ C2‖η∗‖H1,2

d
.

We can choose dc ∈ N big enough so that

C4(C1 + 2C0(C1 + C3 + C3C2))

d
<

1

2
,

for all d ≥ dc. In conclusion we obtain a constant C5 > 0 independent of d
such that,

‖Dd,∗
pdv

T−1d ‖L(L2
d,H

1,2
d )≤ C5. (4.83)

We need one last lemma that follows from the continuity of the operators
involved.

Lemma 4.6.10. Let C5 be the constant from (4.83), then there exists a
δ > 0 independent of d such that,

sup
‖x‖

H
1,2
d
≤δ
‖Dd

pdv+x
−Dd

pdv
‖L(H1,2

d ,L2
d)
<

1

2C5
. (4.84)

151



CHAPTER 4. DISCRETE BRAID INVARIANTS

4.6.3 Application of the Newton Method

We can now use the lemmas from the previous section to apply Theorem
4.5.1 to show existence of discrete heat solutions close to time-dependent
heat solutions. In analogy to Chapter 3 we will need to restrict our Newton
method to the image of the operator Dd,∗.

Theorem 4.6.11. Let (V, g) be an admissible pair and let q± two solutions
of (S) with difference of Morse indices β(q−)− β(q+) = 1. Furthermore let
d ≥ dc and let q±d = τd(q±). Then for all ε > 0, for all d ≥ dc and every v ∈
M(q−, q+) there exists a unique vd ∈ Md(q

−
d , q

+
d ) with pdv − vd ∈ imDd,∗,

and

‖pdv − vd‖H1,2
d
< ε.

Furthermore, this vd is non-degenerate. We will use the notation

τd(v) := vd, (4.85)

Proof. The idea is to apply the modified Newton method, similar to what
we have done in Proposition 4.5.2. Define, for x ∈ H1,2

d

Fd(x) := ppdv + xqs −
`

δ2dpdv+

δ2dx
˘

+ ppdv + xq− Vq(pdv + x)− g(pdv + x, ∂d(pdv + x)). (4.86)

Note that finding an x such that Fd(x) = 0 is the same as finding a solution
of (Hd). We can simplify the expression by using that v is a solution of
(4.60):

Fd(x) =
`

xs − δ2x+ x
˘

+
`

δ2pdv − pdvtt
˘

−
Vq(pdv + x) + g ppdv + x, ∂d ppdv + xqq + pd(Vq(t, v) + g(t, v, vt)).

(4.87)

Now the claim is that Fd : H1,2
d → L2

d satisfies all the requirements for
Theorem 4.5.1. This implies the existence of a zero close to pdv. So let ε > 0
be given.

Step 1. Recall that δ is the constant from Proposition 4.6.10. Now
assume dc is large enough so that

‖Fd(0)‖L2
d
≤ min{δ, ε}. (4.88)

This is possible as limd→∞ Fd(0) = 0.
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Step 2. We know that Dd,∗
pdQ

T−1d is a uniformly bounded right inverse to

dFd(0) (see (4.83)).
Step 3. We know from Lemma 4.6.10 that

sup
‖x‖

H
1,2
d
≤δ
‖Dd

x −Dd
0‖L(H1,2

d ,L2
d)
<

1

2γ
. (4.89)

Now, in analogy to Section 5, we can apply Theorem 4.5.1. This gives us
for each d ≥ dc a unique zero vd of Fd with the property that ‖vd‖H1,2

d
≤ δ.

This implies that vd := pdv + vd is a solution of (Hd) with

‖vd − pdv‖H1,2
d
≤ δ.

We need only check that the asymptotic behavior works out. For this
note that vd ∈ H1,2

d . This implies that as |s|→ ∞, vd(s) will tend more and
more to pdq

±, and since H1(R) ⊂ C0(R), we can take the limit. Eventually
we are within a δ-distance of pdq

±. Now using that q±d are the only stationary
solutions in a δ-neighbourhood of pdq

± we obtain that vd ∈Md(q
−
d , q

+
d ).

Remark 4.6.12. Similar to the argument in the remark of Proposition
4.5.13 we conclude that eventually for d ≥ dc connecting orbits inMd(q

−
d , q

+
d )

are non-degenerate.

4.7 Extending the bijection to braids

The previous sections were dedicated to showing convergence results for
scalar solutions of the non-linear heat equation that are periodic in space
and the discrete version of the same equation. This section we will show
that the convergence and existence results hold also for braids. We will
need a way to construct periodic functions from a braid. There is a very
straightforward way to do it, as braids are in some sense generalized periodic
functions.

Definition 4.7.1. A braid Q ∈ Ωn (or a discrete braid x ∈ Dnd ) is called
decomposable if we can find a partition of the strands such that for each
subset in this partition there exists a permutation that makes the subset into
a new braid (or discrete braid). Each of these new braids is called a braid
component.

An example would be q = (q1, . . . , q5) ∈ Ω5 with σ(q) = (12)(345).
Taking the partition {(q1, q2), (q3, q4, q5)} decomposes this braid into two
new braids in Ω2 and Ω3.
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A braid that is not decomposable is called indecomposable, and it is clear
we can always decompose a braid into indecomposable components. Note
that the decomposition is fully determined by the permutation σ(q). If we
have an indecomposable braid q ∈ Ωn (or discrete braid x ∈ Dnd ) we can
consider the periodic extension which is essentially making the braid into a
single periodic function.

Definition 4.7.2. Let q ∈ Ωn with σ = σ(q) (or discrete braid x ∈ Dnd )
be indecomposable. Then define the periodic extention q ∈ C1(R/nZ) as
follows:

q(t) := qσ
i(1)(t− i+ 1) if t ∈ [i− 1, i]. (4.90)

The discrete version x is defined in the same way.

We would also like to formalize the concept of cutting up a periodic
function into a configuration.

Definition 4.7.3. Let Q ∈ H2(R/nZ) and let σ ∈ Sn be an indecomposable
permutation, then we define the configuration c(Q) = (q1, . . . , qn) ∈ Xn
where,

qσ
i(1)(t) := Q(t+ i) for all t ∈ [0, 1]. (4.91)

The same construction holds true for discrete periodic functions in x ∈ H2
d ,

we will also denote the configuration by c(x).

4.7.1 One-to-one relation of stationary braid solutions

Using the previous definitions for cutting and periodic extension there is a
straight forward way to define what it means to discretise and interpolate
configurations.

Definition 4.7.4. Assume first that the braid is indecomposable. Then we
can consider the discretisation,

Pdq := c
`

pdq
˘

∈ Xnd .

If q is not indecomposable apply this construction on each of the components
and add all the resulting discrete components together into one discrete (pos-
sibly singular) braid.

In general it will not be the case that if we start with a braid in Ωn then
the result of the discretisation will produce a braid. However we have the
following proposition.
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Proposition 4.7.5. Let q ∈ Xn. If q ∈ Ωn then there exists a d2 ∈ N such
that for all d ≥ d2 it holds that Pdq ∈ Dnd .

Proof. Let q ∈ Ωn. Note that there exists at most a finite number of inter-
sections of strands in q. At those intersections we have that the value of the
derivatives are unequal since q has the second braid property. Futhermore,
we have a finite number of intersections, and these derivatives are contin-
uous. So we can find ε > 0 such that for any two strands α, α′ and every
intersection τi the following is true (without loss of generality, the signs could
be reversed),

”

qα(t)− qα
′
(t)

ı

< 0 for all t ∈ (τ − ε, τ), (4.92)
”

qα(t)− qα
′
(t)

ı

> 0 for all t ∈ (τ, τ + ε). (4.93)

Choose d2 ∈ N big enough so that d2 >
2
ε . Now assume for some d ≥ d2

that we have ppdq
αqi =

´

pdq
α′
¯

i
for some strands and some i this implies

that

d

∫ i/d

(i−1)/d

´

qα(t)− qα
′
(t)

¯

dt = 0.

By the Intermediate Value Theorem there exists a τ ∈ p(i− 1)/d, i/dq for
which qα(τ) = qα

′
(τ). Now we know that by (4.92) and (4.93) that

(pdq
α)i−1 − (pdq

α′)i−1 = pd

´

qα − qα
′
¯

i−1
< 0, (4.94)

and

(pdq
α)i+1 − (pdq

α′)i+1 = pd

´

qα − qα
′
¯

i+1
> 0. (4.95)

This shows the second discrete braid property (Td) hence Pdq ∈ Dnd .

Of course it is also important to define the interpolation of discrete braids.

Definition 4.7.6. Let x ∈ Xnd . If x is indecomposable we define the inter-
polation Spdx ∈ Xn as,

Spdx := c pspd(x)q . (4.96)

If x is not indecomposable apply the procedure on all of the indecomposable
components and take all the resulting strands into a single configuration.
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In general the produced object Sp(x) is not a braid. However we get the
following result,

Lemma 4.7.7. Let q ∈ Ωn. Then there exists a d0 ≥ 0 such that for all
d ≥ d0 we have

SpdPdq ∈ Ωn, (4.97)

In fact, SpdPdq ∈ [q].

Proof. This is essentially using that [q] is an open subset of Ωn together
with Proposition 4.4.11.

Theorem 4.7.8. For all n ∈ N there exists a d1 ∈ N such that for all
d ≥ d1 there is a one-to-one correspondence τd : Crit dV (Dnd )↔ Crit V (Ωn).
Furthermore we have a one-to-one correspondence

Crit dV ([Pdq] rel τd(Q))↔ Crit V ([q] rel Q). (4.98)

Proof. We will first show the result for indecomposable braids. If we start
with an indecomposable Q ∈ Crit V (Ωn) and periodically extend it to a
function Q ∈ H2(R/nZ) we know by Proposition 4.5.2 that there exists a

d0 > 0 such that for d ≥ d0 there exist a unique solution τd(Q) ∈ H2
d of (Sd)

such that τd(Q) is δ-close to pdQ in the H2
d norm.

Next apply c to both pdQ and τd(Q). Then we know that for d ≥ d3 we
have that PdQ ∈ Dnd by Proposition 4.7.5. Futhermore, if we take δ to be
small enough we can make sure

c(T d(Q)) ∈ [PdQ] ∩ Crit dV (Dnd ).

In the other direction, assume we have a sequence of discrete braid
solution Qd. Then we can periodically extend to Qd. By Proposition
4.5.13 we know that (spdQd)n has a subsequence that converges to a so-

lution Q of the continuous system (S) in H2(R/nZ). Now the claim is that
c(Q) ∈ Crit V (Ωn). It is clear it is a solution. The fact that it is a braid
follows from the fact that non-transverse intersections are impossible due to
fact that Q is a solution of a second order ODE. Uniqueness of the initial
value problem implies that if at a certain point (Qi(t), Qit(t)) = (Qj(t), Qjt (t))
it follows that Qi ≡ Qj , which due to properness is not allowed. For decom-
posible braids one can apply this construction on each of the components.
Then putting everything together provides us with a braid (this uses unique-
ness of solutions of initial value problems once more to make sure we only
intersect transversally after pasting it back into the braid diagram).
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4.7.2 Correspondence between connecting orbits

Starting from the one-to-one relation of stationary braid solutions for dis-
cretisation large enough we wish to extend this result to connecting orbits.
This turns out to be less involved than one might expect. This is due to
the nice isolating neighbourhood property of the braid class fibers (found
in [23]).

Theorem 4.7.9. Let [q] rel Q be a proper relative braid class fiber, and let
(V, g) be a Morse-Smale pair. Furthermore let q± ∈ Crit V ([q] rel Q) then
for d large enough there is a one-to-one relation,

Mg(q
−,q+)↔Md

g(τ
d(q−), τd(q+)). (4.99)

Proof. The proof is very similar to the proof of Theorem 4.7.8 but rather than
using Proposition 4.5.13 it utilizes Theorem 4.6.11. And rather than showing
that a sequence of discrete connecting braids converges to a connecting braid
orbit we note that since the ends will be in the braid class [q] rel Q the whole
function needs to lie in the class (see Proposition 4.2.14).

In conclusion for d large enough

• A one-to-one relation between stationary braids and discrete braids
with parameter d such that the Morse indices are equal.

• A one-to-one relation between connecting braid of index difference one
of the continuous and the discrete equation for a parameter d large
enough.

For these d we then obtain an isomorphism between the finite dimensional
Morse Homology M∗([Pdq] rel Qd) and the Braid Morse Homology
HM∗([q] rel Q).

4.7.3 Relating the Conley Index to the Morse homology

From the previous section it followed that for an appropriate large discreti-
sation parameter d the following homology groups are isomorphic:

M∗([Pdq] rel Qd) ∼= HM∗([q] rel Q).

The next step is relating the Morse homology of [Pdq] rel Qd and the Conley
index h([Pdq] rel Qd) from Definition 4.3.6. The reason for this is that the
Conley index is easy to compute. It is only a matter of creating the cube
complex and identifying certain faces. In the monograph by Conley, [11], a
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very nice overview of the relation between Morse indices and isolated neigh-
bourhoods is given. For this section we assume d is large enough. One more
remark to make is that the theory of the Braid Conley Index works specifi-
cally for bounded discrete braid diagrams. Full details can be found in [23].
For this thesis I will just note that any braid can be made into a bounded
discrete braid by adding constant skeletal strands to the skeleton that bound
the original discrete braid. Now the braid class becomes compact since it can
no longer escape (it would create new intersections if a point would escape).

Denote N = cl
`

[Pdq] rel τdQ
˘

and N− its exit set. Furthermore denote
the parabolic flow φ : N × R→ N . Then the invariant set,

Inv(N,φ) := {x ∈ N : φ(R, x) ⊂ N},

consists of stationary solutions and connecting orbits of the parabolic flow.
As such it is equal toMg([Pdq] rel τdQ). Furthermore we can make a Morse
decomposition of this space since the only stationary points are
Crit V ([Pdq] rel τdQ). For a broad treatise of this topic consider [11].

Proposition 4.7.10. Let (N,N−) be an index pair for a flow φ, and let Si
be a Morse decomposition of inv(N). Then the Homological Conley index
H∗(h(N/N−, [N−])) is isomorphic to the Morse homology on inv(N).

Specifically, we obtain

M∗([Pdq] rel τdQ) ∼= H∗(h(N/N−, [N−])).

This brings us to the main result of this chapter.

Theorem 4.7.11. Let [q rel Q] be a proper braid class. Then there exist a
dc > 0 such that for all d ≥ dc,

HM∗([q rel Q]) ∼= H∗(Nd, N
−
d ). (4.100)

Here Nd := cl([Pdq] rel τdQ) and N−d is defined as in (4.18).

4.7.4 Stability of Conley Index

Theorem 4.7.11 tells us there exists a dc > 0 such that for all discretisation
parameters we can compute the Braid Morse homology using (4.100). It
turns out that the Conley Index is independent of d, meaning that as soon
as we can define it will be isomorphic for each discretisation parameter d.

Proposition 4.7.12 (Theorem 3.7 of [23]). Let [q rel Q] be a proper relative
braid class. Then for d larger than the number of crossings of q with itself
and with Q, H∗(Nd, N

−
d ) is independent of d.

158



4.8. AN EXAMPLE

This immediately implies that as long as d is larger than the number of
intersections in the braid class we are in the situation where we can compute
the Conley index, and it gives us information about the Braid Morse and
(due to Chapter 3) about the Braid Floer homology. Which concludes the
final isomorphism

HM?([q rel Q]) ∼= H?(Nd, N
−
d ).

4.8 An example

The computation of the discrete invariant for braid classes can be done
via an algorithmic approach. This is described in [49]. In this section we
compute the invariant for a simple example, just to make the process a bit
clearer. We focus on the following Legendrian braid in Figure 4.1. The black
strands are the skeleton and the red strand is the free strand. The first step
is to discretise the braid using enough discretisation points to capture the
topology, see Figure 4.2. Note that we have three points on the red strand we
can move around (the first node is equal to the fourth). As such the discrete
braid class is a cube complex in R3. If we start by looking at where the first
red node can move without creating more intersections or losing intersections
it gives two different intervals. In each of these intervals we can look at where
the second red node can move without creating more or less intersections (see
also Figure 4.3). Finally putting all this information together we obtain the
cube complex, as seen in Figure 4.4. The blue faces are the parts of the
boundary where the number of intersections decreases (exit set), and the
red squares are where the number of intersections increases.

If we call the whole cube complex N and the blue faces N− we are in the
situation where we can compute the Conley Index, (N/N−, [N−]). This is
homotopic to a disk with two points on the boundary that are identified with
each other. This in turn is homotopic to S1 This has non-trivial homology.
If we would have been in the situation where the skeleton was a 3-periodic
stationary solution of a parabolic equations of the form we discussed pre-
viously, we could immediately conclude that there would be a non-trivial
1-periodic solution as well.
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Figure 4.1: The Legendrian braid

Figure 4.2: The discretised Legendrian braid
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Figure 4.3: Some of the intervals to consider in the cube complex

Figure 4.4: Two perspectives of the cube complex N
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APPENDIX

4.A Splines defined as the solution of an ODE

This first appendix is dedicated to proving Proposition 4.4.9. Splines play a
role in connecting discrete systems with continuous systems. Many times a
spline is defined as a certain type of (local- or global) polynomial of a certain
degree that has desired properties. In this section the idea is to no longer
use explicit formulas for splines given a vector x ∈ Rd. Rather we define
a spline as the solution of an ordinary differential equation. We will show
that there exists a unique solution that has the desired properties stated in
Proposition 4.4.9.

The advantage of this implicit method is that it is clearer how to proceed
to more general spline-like objects. In this section the method is applied to
a time independent equation but in appendix B the same method is used to
show similar results for time dependent PDEs.

4.A.1 Some preliminaries

We will work with the continuous space L2(R/Z), and the discrete space

L2
d :=

´

Rd, ‖·‖L2
d

¯

with, for x ∈ Rd,

‖x‖2L2
d
:=

1

d

d∑
i=1

x2i . (4.101)
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We similarly define H2(R/Z) with the standard norm, and its discrete

counterpart H2
d :=

´

Rd, ‖·‖H2
d

¯

with, for x ∈ Rd,

‖x‖2H2
d
:=

1

d

d∑
i=1

x2i +
1

d

d∑
i=1

(δ2x)2i . (4.102)

Here ∂ = ∂d and δ2 = δ2d as defined in section 4. We omit the subscript d in
this section.

We have a direct, non-smooth way to interpret vectors x ∈ Rd as L2-
functions using the embedding ι(x) ∈ L2(R/Z):

ι(x)(t) ≡ xi for all t ∈
„

i− 1

d
,
i

d

˙

. (4.103)

The following lemma will be the corner stone of our method. It turns out
that all the estimates fit nicely into this framework.

Lemma 4.A.1. Let y ∈ Rd and let φ : R → C be a bounded continuous

function such that limt→0
φ(t)
t exists. Then there exists a c > 0 independent

of d such that

∞∑
k=−∞

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

−2πikd
φ(k/d)

d∑
j=1

yjω
j
k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

≤ c

d2
‖y‖2L2

d
for all d ∈ N, (4.104)

where ωk := e−2πik/d.

Proof. We want to use a discrete Parceval identity, namely

d∑
k=1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

d∑
j=1

yjω
j
k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

= d

d∑
j=1

|yj |2. (4.105)

We consider all k in intervals of length d, i.e., we rewrite the left hand
side of (4.104) as

−2∑
l=−∞

(l+1)d∑
k=ld+1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

−2πikd
φ(k/d)

d∑
j=1

yjω
j
k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

+ (4.106)

∞∑
l=1

(l+1)d∑
k=ld+1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

−2πikd
φ(k/d)

d∑
j=1

yjω
j
k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

+ (4.107)

d∑
k=−d+1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

−2πikd
φ(k/d)

d∑
j=1

yjω
j
k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

. (4.108)
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Note for −∞ < l ≤ −2 we have that for ld+ 1 ≤ k ≤ (l + 1)d we get

ˇ

ˇ

ˇ

ˇ

1

−2πkd

ˇ

ˇ

ˇ

ˇ

2

≤ 1

4π2d4(l + 1)2
.

Similar for 1 ≤ l <∞ we have that for ld+ 1 ≤ k ≤ (l + 1)d we get

ˇ

ˇ

ˇ

ˇ

1

−2πkd

ˇ

ˇ

ˇ

ˇ

2

≤ 1

4π2d4l2
.

This gives us, using the properties of |φ(t)|< C, equation (4.105) and
using that ωk+Nd = ωk for any N ∈ N,

−2∑
l=−∞

(l+1)d∑
k=dl+1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

−2πikd
φ(k/d)

d∑
j=1

yjω
j
k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

≤

« −2∑
l=−∞

1

(l + 1)2

ff

C2 1

4π2d3

d∑
j=1

|yj |2=
C2

24

1

d2
‖y‖2L2

d
, (4.109)

and similarly

∞∑
l=1

(l+1)d∑
k=dl+1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

−2πikd
φ(k/d)

d∑
j=1

yjω
j
k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

≤

« ∞∑
l=1

1

l2

ff

C2 1

4π2d3

d∑
j=1

|yj |2=
C2

24

1

d2
‖y‖2L2

d
. (4.110)

Here we used
∑∞
l=1

1
l2 = π2/6. Finally, for −d < k ≤ d:

d∑
k=−d+1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

−2πikd
φ(k/d)

d∑
j=1

yjω
j
k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

=

d∑
k=−d+1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

−1

2πid2
φ(k/d)

k/d

d∑
j=1

yjω
j
k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

≤ 1

2π2d2
C̃2‖y‖2L2

d
. (4.111)

Taking c := C2

12 + C̃2

2π2 gives us the desired result.
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4.A. SPLINES DEFINED AS THE SOLUTION OF AN ODE

4.A.2 The equation governing the spline

In the previous subsection the definition of ι(x) gave a decent approximation
for an L2 function, but we would like to have a smoother way of embedding
vectors x into H2(R/Z). To achieve this goal we try to find for each x ∈ Rd
an f ∈ H2(R/Z) such that the second generailzed derivative will be exactly
equal to the ι(δ2x). However this is not all we require, we also want the
difference of the first derivative of f(x) to be a good enough approximation
of ι(∂x) for a sufficiently large d. An we also require f(x) to approximate
ι(x) well (see the formulation of Proposition 4.4.9).

But first let us show that in fact we can find a f(x) that satisfied the
first requirement. For x ∈ Rd we are looking for a solution of

ftt = ι(δ2x). (4.112)

Rather than solving this system by integration we will (for future purposes)
solve this by using Fourier series, so let us calculate the Fourier coefficients of
ι(δ2x). Since ι(y) just gives a stepwise constant function these computations
are very straight forward and will be omitted. The result is

{ι(δ2x)k =
−1

2πik

´

1− e2πik/d
¯

d∑
j=1

ωjk(δ2x)j , (4.113)

where ωk := e−2πik/d. We can express the Fourier coefficients of f as

pfk =

{
−1

4π2k2
{ι(δ2x)k k 6= 0

yι(x)0 k = 0
(4.114)

Note here that we had freedom of choice for k = 0. This freedom, and
in fact later on the freedom of choice for k = Nd for any N ∈ Z, will be
used to ensure we can prove the additional estimates in Proposition 4.4.9.
Furthermore, we can express the Fourier coefficients of ι(∂x) in the following
way:

zι(∂x)k =
{ι(δ2x)k

d(1− e−2πik/d)
. (4.115)

This expression only makes sense if k is not a multiple of d. For these
cases we choose the modes to be zero. So this means we can look at at the
difference ft − ι(∂x) by means of Fourier coefficients. By combining (4.114)
and (4.115) we obtain

bk := y(ft)k − zι(∂x)k =

ˆ

1

2πik
− 1

d(1− e−2πik/d)

˙

{ι(δ2x)k. (4.116)
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CHAPTER 4. DISCRETE BRAID INVARIANTS

Now we can use the expressions for the k-th mode in (4.113) to obtain

bk =

ˆ

1

2πik
− 1

d(1− e−2πik/d)

˙

1− e2πik/d

−2πik

»

–

d∑
j=1

ωjk(δ2x)j

fi

fl . (4.117)

Which simplifies to

bk =
1

2πikd

”

−e2πik/d
ı

ˆ

1− e−2πik/d − 2πik/d

−2πik/d

˙

»

–

d∑
j=1

ωjk(δ2x)j

fi

fl . (4.118)

Now note that we are in the position to apply Lemma 4.A.1 with y = δ2x
and

φ(t) := −e2πit 1− e
2πit − 2πit

2πit
. (4.119)

This results in the existence of a c > 0 independent of d for which,

‖ft − ι∂x‖2L2=

∞∑
k=−∞

|bk|2≤
c

d2
‖δ2x‖2L2

d
. (4.120)

Note that we use everywhere that {ι(δ2x)0 = 0.
The second estimate we want to hold is similar in nature but requires a

little extra thought.

Proposition 4.A.2. Let x ∈ Rd and then there exists a c2 > 0 independent
of d such that,

‖f − ι(x)‖2L2≤
c2
d2

´

‖δ2x‖2L2
d
+‖∂x‖2L2

d

¯

. (4.121)

Proof. The proof works very similar to the proof of (4.120), but utilizes one
more step. We need the following:

yι(x)k =
zι(∂x)k

d(e2πik/d − 1)
. (4.122)

From (4.116) and (4.122) we know we can write,

pfk −yι(x)k =

ˆ

1

2πki
− 1

d(e2πik/d − 1)

˙

zι(∂x)k +
bk

2πik
. (4.123)

Here again the righthand side is interpreted to be zero for all k that are
multiples of d. For k = 0 this is by the choice we made in (4.114). We want
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4.B. IMPLICIT SPLINES FOR THE LINEAR HEAT EQUATION

to estimate the absolute value of (4.123), we can estimate the final term bk
2πik

by using what we already know from (4.120). We focus on the first part of
the equation, i.e.

ak :=

ˆ

1

2πki
− 1

d(e2πik/d − 1)

˙

zι(∂x)k. (4.124)

We get

ak =
1

2πikd

ˆ

e2πik/d − 1− 2πik/d

2πik/d

˙

»

–

d∑
j=1

ωjk(∂x)j

fi

fl . (4.125)

To conclude we once more wish to apply Lemma 4.A.1. This time with
y = ∂x and with

φ(t) :=
e2πit − 1− 2πit

2πit
. (4.126)

This means there exists a c > 0 with the property that

‖f − ιx‖2L2≤
∞∑

k=−∞

|ak|2+|bk|2≤
c

d2

´

‖∂x‖2L2
d
+‖δ2x‖2L2

d

¯

. (4.127)

Using interpolation it follows that:

‖∂x‖2L2
d
≤ 1

2
(‖x‖2L2

d
+‖δ2x‖2L2

d
).

This proves (4.121).

Definition 4.A.3. Denote for any d ∈ N and any given x ∈ Rd the solution
of (4.112) as spd(x), so that we have that spd(x) ∈ H2(R/Z). This function
satisfies (4.120) and (4.121) for a constant c > 0 that is independent of d.

4.B Implicit splines for the linear heat equa-
tion

Armed with the knowledge that the method of implicitly defining splines
works for ordinary differential equations the next step is trying to make it
work for a partial differential equation. The goal of this section is to try and
find for a given H1(R,Rd) function a good H1,2(R × R/Z) approximation.
You could think of this problem as finding a spline like object (what we did
in the last section) but with an extra time-dependence.

167
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It may be very natural to think that it suffices to apply the previous
section pointwise in s, i.e., for any x ∈ H1(R;Rd) we define the spline

(s, t) 7→ spd px(s)q (t).

This however does not produce the right approximation when one wants
to consider convergence to solutions of the heat equation. So we wish to
proceed implicitly once more in this section.

4.B.1 Spaces and equations

The continuous spaces we work with are fairly straight forward, but for
completeness sake we define them in this subsection.

Definition 4.B.1. We consider H1,2(R×R/Z) to be the space H1(R;L2(R/Z))∩
L2(R;H2(R/Z)) with the norm

‖f‖2H1,2 := ‖f‖2L2(R×R/Z)+‖ftt‖
2
L2(R×R/Z)+‖f

′‖2L2(R×R/Z). (4.128)

Note that just as in the previous section t denotes the coordinate of R/Z
and in this case f ′ will be understood as the derivation with respect to the
s-variable in R.

We will from here on abbreviate H1,2 for H1,2(R × R/Z), and L2 for
L2(R × R/Z). For the discrete spaces we will use the ones that are similar
to those used in Appendix A

Definition 4.B.2. We consider H0,0
d to be the space L2(R;Rd) with the

following norm:

‖x‖2
H0,0
d

:=

d∑
j=1

1

d

∫ ∞
−∞

(xj(s))
2ds. (4.129)

Furthermore we consider the subspace H1,2
d ⊂ H0,0

d to be all functions for
which the following norm is finite:

‖x‖2
H1,2
d

:= ‖x‖2
H0,0
d

+‖δ2x‖2
H0,0
d

+‖x′‖2
H0,0
d

. (4.130)

Note that the function ι defined (4.103) works pointwise in s, hence we
have ι : H0,0

d → L2. Similarly the operators ∂ and δ2 work on the discrete
spaces pointwise in s.
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4.B.2 The implicit definition for the H1,2-spline

The ultimate goal of this section, very much like the first section will be to
find, for a given x ∈ H1,2

d a function gx ∈ H1,2 that satisfies the PDE

(gx)′(s, t)− (gx)tt(s, t) = ι
`

x′(s)− δ2x(s)
˘

(t), (4.131)

and has the following properties: there exists a c > 0 independent of d such
that

‖(gx)t − ι(∂x)‖L2≤ c

d
‖x‖H1,2

d
(4.132)

and

‖gx − ι(x)‖L2≤ c

d
‖x‖H1,2

d
. (4.133)

To continue we will now not only use a discrete Fourier transform on
the t variable, but also a continuous Fourier transform in the s-direction.
Denote the discrete variable k and the continuous variable σ, then we obtain
the following expression for the transform of g = gx,

pgk(σ) =
2πiσ − d2(e2πik/d − 2 + e−2πik/d)

2πiσ + 4π2k2
yι(x)k(σ). (4.134)

We will from here-on make a distinction between the full Fourier trans-
form in both s and t variables (denoted px) and the Fourier transform only
in the s variable (denoted qx ).

We must make one side step here, by considering Lemma 4.A.1 in the
case where we have instead of a vector y ∈ Rd a family of such vectors.

Lemma 4.B.3. Let Y ∈ H1(R;Rd) and let F : R × R → C a bounded

continuous map such that limt→0
F (t,s)
t exists for all s ∈ R, and the limit is

uniformly bounded in s. Then there exists a c > 0 independent of d such
that,

∞∑
k=−∞

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

−2πikd
F (k/d, s)

d∑
j=1

yj(s)ω
j
k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

≤ c

d2
‖y(s)‖2L2

d
, (4.135)

where ωk := e−2πik/d.

We wish to show the existence of a c > 0 for which (4.133) holds. We
consider the left-hand side and consider the Fourer transform of gx − ι(x):

γk := pgk(σ)−yι(x)k(σ) =
−4π2k2 − d2(e2πik/d − 2 + e−2πik/d)

2πiσ + 4π2k2
yι(x)k(σ).
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(4.136)

Now note that we can write yι(x)k(σ) = 1
d(e2πik/d−1)

zι(∂x)k(σ). Also recall

that

zι(∂x)k =

d∑
j=1

−1

2πik
ωjk

´

1− e2πik/d
¯

(|∂x)j , (4.137)

After substituting (4.137) into (4.136) we end up with the following expres-
sion,

γk =
−4π2k2 − d2(e2πik/d − 2 + e−2πik/d)

d(−2πik)(2πiσ + 4π2k2)

d∑
j=1

(|∂x)jω
j
k, (4.138)

After a final rewrite it has the following form,

γk =
1

2πikd

„

−4π2k2/d2 + 2(1− cos(2πk/d))

2πiσ/d2 + 4π2k2/d2

 d∑
j=1

(|∂x)jω
j
k. (4.139)

We are now in a position to use Lemma 4.B.3 with y(s) = |∂x(s) and

F (t, σ) :=
−4π2t2 + 2(1− cos(2πt))

2πiσ + 4π2t2
. (4.140)

From this we can conclude that there exists a c > 0 such that∫
R
‖gx(s, ·)− ι(x)(s)‖2L2ds =

∫
R

∞∑
k=−∞

|γk(σ)|2dσ ≤∫
R

c

d2
‖|∂x(σ)‖2L2

d
dσ =

c

d2
‖∂x‖2L2

d
. (4.141)

Note that we used Parceval’s identity in the first and the last equality. This
concludes the proof of (4.133).

Finally we wish to prove (4.132). We start with

ρk(σ) := 2πikpgk(σ)− zι(∂x)k(σ), (4.142)

which we may rewrite by using (4.136) as

ρk(σ) = p2πik − bq pgk(σ) + bγk, (4.143)
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where b = d(e2πik/d − 1). Now note that

bγk = e2πik/d
−4π2k2 − d2(e2πik/d − 2 + e−2πik/d)

2πiσ + 4π2k2
zι(∂x)k(σ). (4.144)

Repeating the arguments above but now using

zι(∂x)k(σ) =
1

d(1− e−2πik/d)
{ι(δ2x)k(σ),

we end up with

bγk =
1

2πikd
e4πik/d

„

−4π2k2/d2 + 2(1− cos(2πk/d))

2πiσ/d2 + 4π2k2/d2

 d∑
j=1

(}δ2x)jω
j
k.

(4.145)

By using Lemma 4.B.3 with Y (s) := }δ2x(s) and

F (t, σ) := e4πik/d
−4π2t2 − 2(1− cos(2πt))

2πiσ + 4π2t2
, (4.146)

we infer that there exists a c > 0 such that∫
R

∞∑
k=−∞

|bγk(σ)|2dσ ≤
∫
R

c

d2
‖}δ2x(σ)‖2L2

d
dσ =

c

d2
‖δ2x‖2L2

d
. (4.147)

This leaves us with the final estimate φk := p2πik − bq pgk(σ), which may be
written as

φk(σ) =
2πik − d(e2πik/d − 1)

2πiσ + 4π2k2

´

zι(x′)−{ι(δ2x)
¯

k
(σ). (4.148)

Rewritten this becomes

φk(σ) =
1

2πikd

«

(1− e2πik/d)
`

1 + 2πik/d− e2πik/d
˘

2πiσ + 4π2k2/d2

ff

d∑
j=1

ωjk

´

qx′j −}δ2xj

¯

(σ).

(4.149)

One final application of Lemma 4.B.3 using Y (s) =
´

qx′ −}δ2x
¯

(s) and

F (t, σ) :=
(1− e2πit)

`

1 + 2πit− e2πit
˘

2πiσ + 4π2t2
(4.150)
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gives existence of a c > 0 such that,∫
R

∞∑
k=−∞

|φk(σ)|2dσ ≤
∫
R

c

d2
∥∥x′(σ)− δ2x(σ)

∥∥2 dσ ≤ 2c

d2
‖x‖2

H1,2
d

. (4.151)

Finally, consider

∫
R
‖(gxt )(s, ·)− ι(∂x)(s, ·)‖2L2ds =

∫
R

∞∑
k=−∞

|ρk(σ)|2dσ ≤

∫
R

∞∑
k=−∞

“

2|φk(σ)|2+2|bγk(σ)|2
‰

dσ. (4.152)

Here again the first equality comes from the Parceval identity. Now using
(4.147) and (4.151) we conclude that there exists a c > 0 independent of d
such that

‖(gx)t − ι(∂x)‖2L2≤
c

d2
‖x‖2

H1,2
d

. (4.153)

Definition 4.B.4. We shall call the solution gx of (4.131) the heat inter-
polation of x. The notation we will use in the rest of the article is

h(x) := gx.
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SAMENVATTING

Dit proefschrift behandelt verschillende topologische invarianten van vlecht-
klassen. Een vlechtklasse is een verzameling van vlechten die op een bepaalde
manier hetzelfde zijn. Je kunt een vlecht op een continue (geen scheuren,
niet knippen en plakken) manier omvormen in elke andere vlecht in zijn
klasse. In dit proefschrift worden drie verschillende types klasse gebruikt.
De standaard vlechten zijn vlechten op een cylinder waarvan de strengen
elkaar niet raken. De Legendriaanse vlechten zijn vlechten in een vlak waar
weliswaar doorsnijdingen mogen voorkomen, maar alleen als ze elkaar niet
alleen maar aanraken maar echt doorsnijden. Het laatste type bestaat uit
discrete vlechten. Een discrete vlecht bestaat uit een aantal strengen die niet
meer zijn dan een aantal punten. Op de voorkant van dit proefschrift zijn
voorbeelden te vinden van alle drie de types. Het is mogelijk om van een stan-
daard vlecht naar een Legendriaanse vlecht te gaan, door de cylinder plat te
slaan. Van een Legendriaanse vlecht kunnen we dan weer naar een discrete
vlecht gaan door een aantal punten op de strengen te kiezen. Voor ieder
van de drie vlecht-types wordt een topologische invariant gëıntroduceerd.
De hoofdstelling van dit proefschrift is dat deze drie topologische invari-
anten eigenlijk hetzelfde zijn. Daarmee wordt bedoeld dat als we beginnen
met een standaard vlecht en zijn topologische invariant (deze heet de Vlecht
Floer homologie), deze hetzelfde is als de Legendriaanse vlecht die we krijgen
door de standaard vlecht plat te slaan en de topologische invariant die daar-
bij hoort (Vlecht Morse homologie). Hetzelfde geldt voor de Legendriaanse
vlechten en de discrete versie (de invariant die hier bij hoort heet de Vlecht
Conley index ). Deze laatste is voor een computer simpel om uit te rekenen.



Samenvatting

Als we dan de weg terug volgen geeft dit ons een manier om de Vlecht Floer
homologie met een computer uit te rekenen. Dit levert daarna gelijk re-
sultaten op over het bestaan van bepaalde oplossingen voor Hamiltoniaanse
vergelijkingen.
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SUMMARY

This dissertation contains the exposition of three topological invariants, de-
fined on braid classes. A braid class is a collection of braids that are isotopic.
Two braids are considered isotopic if one can deform one into the other with-
out tearing, breaking, cutting, or pasting while staying a braid during the
deformation. The three topological invariants each consider a different type
of braid class. The standard braids are braids on a cylinder for which the
strands may never intersect. The Legendrian braids are considered on a
plane. The strands may intersect but only transversally. The final braid
class types considered are discrete braids. These consist of strands that are
collections of points. The cover of this thesis provides examples of each of
the three types. It is possible to pass from standard braids to Legendrian
braids, by essentially squashing the cylinder. From a Legendrian braid it is
possible to pass to a discrete braid by selecting a number of points on the
strands. For each of the different braid class types an invariant is introduced.
The main theorem of this dissertation is that these three are isomorphic in-
variants (basically computing the same thing). An immediate consequence
of this theorem is that we can compute the first (hard to compute) invariant
by computing the third (easy to compute) invariant. The hard to compute
invariant is called Braid Floer homology, hence the title of the dissertation.
Computing Braid Floer Homology.
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